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Abstract
Suppose that G is a finite p-group. If all subgroups of index pt of G are abelian
and at least one subgroup of index pt−1 of G is not abelian, then G is called an
At-group. In this paper, some information about At-groups are obtained and A3-
groups are completely classified. This solves an old problem proposed by Berkovich
and Janko in their book [8]. Abundant information about A3-groups are given.
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1 Introduction
Finite p-groups are an important class of finite groups. After the classification of
finite simple groups was finally completed, the study of finite p-groups becomes more
and more active. Many leading group theorists, for example, Glauberman and Janko
have turned their attentions to the study of finite p-groups. Although finite simple
groups are classified, it is impossible to classify finite p-groups in the classical sense.
The reason is that a finite p-group has “ too many” normal subgroups and consequently
there is an extremely large number of non-isomorphic p-groups of a given fixed order. In
fact, Higman[15, 16] gave a formula for the number f(n, p) of non-isomorphic p-groups
of order pn:
when n→∞, f(n, p) = pn
3(2/27+O(n−1/3)).
It is easy to see that when n becomes large, the number of non-isomorphic p-groups of
order pn becomes large in exponent speed. For example, up to now, the known results
about the classification of 2-groups [11] are:
n 2 22 23 24 25 26 27 28 29 210
f(n, 2) 1 2 5 14 51 267 2328 56092 10494213 49487365422
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For p > 2, p-groups of order p7 are classified by [21]. The result is
f(7, 3) = 9310, f(7, 5) = 34297. For p > 5,
f(7, p) = 3p5+12p4+44p3+170p2+707p+2455+ (4p2+44p+291) gcd(p− 1, 3)+
(p2+19p+135) gcd(p−1, 4)+(3p+31) gcd(p−1, 5)+4 gcd(p−1, 7)+5 gcd(p−1, 8)+
gcd(p− 1, 9).
Because of the difficult of the classification of finite p-groups in the classical sense,
Janko and Berkovich sponsored and led an research project that aims at classifying cer-
tain classes of finite p-groups defined by their subgroup structure. As Janko mentioned
in the Foreword of [7], to study p-groups with “large” abelian subgroups is another
approach to finite p-groups. We know that non-abelian p-groups with “largest” abelian
subgroups are minimal non-abelian groups. A non-abelian group G is said to be mini-
mal non-abelian if every proper subgroup of G is abelian. Minimal non-abelian groups
were classified in [20], and in more detail for finite p-groups in [25]. Berkovich and Janko
in [6] introduced a new concept, At-groups, which is a more general concept than that
of minimal non-abelian p-groups. For a positive integer t, a finite p-group G is called
an At-group if all subgroups of index p
t of G are abelian, and at least one subgroup of
index pt−1 of G is not abelian. In this paper, an A0-group is an abelian group. Obvi-
ously, A1-groups are exactly the minimal non-abelian p-groups. For small t, At-groups
can be considered as groups having “large” abelian subgroups. Many scholars studied
and classified A2-groups, see [6, 8, 14, 18, 26, 31]. Obviously, classifying A3-groups is
a fascinating problem. In fact, this is a problem proposed by Berkovich and Janko in
their joint book [8].
Problem 1278. (Old problem) Classify A3-groups.
In this paper, we completely classify A3-groups in classical sense. The groups
described in the title are the totality of abelian groups, A1-groups, A2-groups and
A3-groups. Thus the groups described in the title are completely classified.
Related to A3-groups, Berkovich and Janko proposed the following
Problem 893([8]). Describe the set {α1(G)
∣∣ G is an A3-group }.
Problem 1595([9]). Classify the A3-groups G such that α1(G) < p
2+p+1, where
α1(G) denotes the number of A1-subgroups in a p-group G.
Problem 2829([10]). Find max{α1(G)}, where a p-group G runs over all A3-
groups.
As a corollary of the classification of A3-groups, we get all α1(G) for A3-groups G.
Hence these problems mentioned above are also solved. Moreover, we give the triple
(µ0, µ1, µ2), where µi denotes the number of Ai-subgroups of index p in A3-groups.
We classify A3-groups G in two parts: G has an A1-subgroup of index p, and G has
no A1-subgroup of index p. The sketch of the classification of A3–groups are as follows.
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G is an A3-group with an A1-subgroup of index p
✑
✑
✑
✑
✑✑✰
◗
◗
◗
◗
◗◗s
G has an abelian subgroup of index p G has no abelian subgroup of index p
✚
✚
✚
✚
✚✚❂
❩
❩
❩
❩
❩❩⑦
✚
✚
✚
✚
✚✚❂
❩
❩
❩
❩
❩❩⑦
d(G) = 2 d(G) = 3 G has at least two G has a unique
A1-subgroups of index p A1-subgroup of index p
❩
❩
❩
❩
❩❩⑦
✚
✚
✚
✚
✚✚❂
d(G) = 2 d(G) = 3
❄ ❄
6 types 20 types ❄
10 types
❄ ❄
17 types 19 types
G is an A3-group without an A1-subgroup of index p
✚
✚
✚
✚
✚✚❂
G has an abelian subgroup of index p
❩
❩
❩
❩
❩❩⑦
G has no abelian subgroup of index p
❩
❩
❩
❩
❩❩⑦
✚
✚
✚
✚
✚✚❂
❄
d(G) = 2 d(G) = 3 d(G)=4
❩
❩
❩
❩
❩❩⑦
✚
✚
✚
✚
✚✚❂
d(H) = 2 for all H ⋖G ∃ H ⋖G such that d(H) = 3
❄ ❄
20 types 9 types
❄
5 types
❙
❙
❙
❙
❙✇
✓
✓
✓
✓
✓✴
Φ(G) ≤ Z(G) Φ(G) 6≤ Z(G)
❄ ❄
10 types 11 types
❩
❩
❩
❩
❩❩⑦
✚
✚
✚
✚
✚✚❂
H ′ ≤ Z(G) for all ∃ H ⋖G such that
H ⋖G with d(H) = 3 d(H) = 3 and H ′ 6≤ Z(G)
❄
2 types
❩
❩
❩
❩
❩❩⑦
✚
✚
✚
✚
✚✚❂ ❄
d(G) = 2 d(G) = 3 d(G)=4
❄ ❄ ❄
62 types 26 types 6 types
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2 Preliminaries
In this paper, p is always a prime. We use Fp to denote the finite field containing p
elements. F ∗p is the multiplicative group of Fp. (F
∗
p )
2 = {a2
∣∣ a ∈ F ∗p } is a subgroup of
F ∗p .
Let G be a finite group. We use c(G), exp(G) and d(G) to denote the nilpotency
class, the exponent and the minimal number of generators of G respectively. We use
Cpm, C
n
pm and H ∗ K to denote the cyclic group of order p
m, the direct product of
n cyclic groups of order pm, and a central product of H and K respectively. We use
M ⋖G to denote M is a maximal subgroup of G and
G > G′ = G2 > G3 > · · · > Gc+1 = 1
denote the lower central series of G, where c = c(G).
Let G be a finite p-group. We use G ∈ At to denote G is an At-group. For any
positive integer s, we define
Ωs(G) = 〈a ∈ G
∣∣ aps = 1〉 and ℧s(G) = 〈aps ∣∣ a ∈ G〉.
We use Mp(n,m) to denote the p-groups
〈a, b
∣∣ apn = bpm = 1, ab = a1+pn−1〉,where n ≥ 2.
We use Mp(n,m, 1) to denote the p-groups
〈a, b; c
∣∣ apn = bpm = cp = 1, [a, b] = c, [c, a] = [c, b] = 1〉,
where
n ≥ m, and if p = 2, then m+ n ≥ 3.
For other notation and terminology the reader is referred to [17].
The following results are used in this paper, we gather them together.
Lemma 2.1. ([12, Theorem 2.3]) Suppose that G is a finite p-group. Then G is meta-
cyclic if and only if G/Φ(G′)G3 is metacyclic.
Lemma 2.2. ([29, Lemma 2.2]) Suppose that G is a finite non-abelian p-group. Then
the following conditions are equivalent:
(1) G is minimal non-abelian;
(2) d(G) = 2 and |G′| = p;
(3) d(G) = 2 and Φ(G) = Z(G).
Lemma 2.3. ([25]) Suppose that G is an A1-group. Then G is one of the following
groups: Q8, Mp(n,m) or Mp(n,m, 1).
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Lemma 2.4. ([7, §9, Exercise 10]) Let G be a 3-group of maximal class. Then the
fundamental subgroup G1 of G is either abelian or minimal nonabelian.
Lemma 2.5. ([31]) A finite p-group G is an A2-group if and only if G is one of the
following pairwise non-isomorphic groups:
(I) d(G) = 2 and G has an abelian subgroup of index p. In this case, α1(G) = p.
(1) 〈a, b
∣∣ a8 = b2m = 1, [a, b] = a−2〉, where m ≥ 1;
(2) 〈a, b
∣∣ a8 = b2m = 1, [a, b] = a2〉, where m ≥ 1;
(3) 〈a, b
∣∣ a8 = 1, b2m = a4, [a, b] = a−2〉, where m ≥ 1;
(4) 〈a1, b; a2, a3
∣∣ ap1 = ap2 = ap3 = bpm = 1, [a1, b] = a2, [a2, b] = a3, [a3, b] =
1, [ai, aj ] = 1〉, where p ≥ 5 for m = 1, p ≥ 3 and 1 ≤ i, j ≤ 3;
(5) 〈a1, b; a2
∣∣ ap1 = ap2 = bpm+1 = 1, [a1, b] = a2, [a2, b] = bpm , [a1, a2] = 1〉, where
p ≥ 3;
(6) 〈a1, b; a2
∣∣ ap21 = ap2 = bpm = 1, [a1, b] = a2, [a2, b] = aνp1 , [a1, a2] = 1〉, where
p ≥ 3 and ν = 1 or a fixed quadratic non-residue modulo p.
(7) 〈a1, b; a2
∣∣ a91 = a32 = 1, b3 = a31, [a1, b] = a2, [a2, b] = a−31 , [a2, a1] = 1〉.
(II) d(G) = 3, |G′| = p and G has an abelian subgroup of index p. In this case,
α1(G) = p
2.
(8) 〈a, b, x
∣∣ a4 = x2 = 1, b2 = a2 = [a, b], [x, a] = [x, b] = 1〉 ∼= Q8 × C2;
(9) 〈a, b, x
∣∣ apn+1 = bpm = xp = 1, [a, b] = apn , [x, a] = [x, b] = 1〉 ∼= Mp(n +
1,m)× Cp;
(10) 〈a, b, x; c
∣∣ apn = bpm = cp = xp = 1, [a, b] = c, [c, a] = [c, b] = [x, a] = [x, b] =
1〉 ∼=Mp(n,m, 1)× Cp, where n ≥ m, and n ≥ 2 if p = 2;
(11) 〈a, b, x
∣∣ a4 = 1, b2 = x2 = a2 = [a, b], [x, a] = [x, b] = 1〉 ∼= Q8 ∗ C4;
(12) 〈a, b, x
∣∣ apn = bpm = xp2 = 1, [a, b] = xp, [x, a] = [x, b] = 1〉 ∼= Mp(n,m, 1) ∗
Cp2, where n ≥ 2 if p = 2 and n ≥ m.
(III) d(G) = 3, |G′| = p2 and G has an abelian subgroup of index p. In this case,
α1(G) = p
2 + p.
(13) 〈a, b, c
∣∣ a4 = b4 = 1, c2 = a2b2, [a, b] = b2, [c, a] = a2, [c, b] = 1〉;
(14) 〈a, b, d
∣∣ apm = bp2 = dp = 1, [a, b] = apm−1 , [d, a] = bp, [d, b] = 1〉, where
m ≥ 3 if p = 2;
(15) 〈a, b, d
∣∣ apm = bp2 = dp2 = 1, [a, b] = dp, [d, a] = bjp, [d, b] = 1〉, where
(j, p) = 1, p > 2, j is a fixed quadratic non-residue modulo p, and −4j is a
quadratic non-residue modulo p;
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(16) 〈a, b, d
∣∣ apm = bp2 = dp2 = 1, [a, b] = dp, [d, a] = bjpdp, [d, b] = 1〉, where if
p is odd, then 4j = 1 − ρ2r+1 with 1 ≤ r ≤ p−12 and ρ the smallest positive
integer which is a primitive root (mod p); if p = 2, then j = 1.
(IV) d(G) = 2 and G has no abelian subgroup of index p. In this case, α1(G) = 1+ p.
(17) 〈a, b
∣∣ apr+2 = 1, bpr+s+t = apr+s, [a, b] = apr〉, where r ≥ 2 for p = 2, r ≥ 1
for p ≥ 3, t ≥ 0, 0 ≤ s ≤ 2 and r + s ≥ 2;
(18) 〈a, b; c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a] = bνp, [c, b] = ap〉, where p ≥ 5, ν
is a fixed quadratic non-residue modulo p;
(19) 〈a, b; c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a] = a−pb−lp, [c, b] = a−p〉, where
p ≥ 5, 4l = ρ2r+1−1, r = 1, 2, . . . , 12(p−1), ρ is the smallest positive integer
which is a primitive root modulo p;
(20) 〈a, b; c
∣∣ a9 = b9 = c3 = 1, [a, b] = c, [c, a] = b−3, [c, b] = a3〉;
(21) 〈a, b; c
∣∣ a9 = b9 = c3 = 1, [a, b] = c, [c, a] = b−3, [c, b] = a−3〉.
(V) d(G) = 3 and G has no abelian subgroup of index p. In this case, α1(G) =
1 + p+ p2.
(22) 〈a, b, d
∣∣ a4 = b4 = d4 = 1, [a, b] = d2, [d, a] = b2d2, [d, b] = a2b2, [a2, b] =
[b2, a] = 1〉.
By analyzing the groups in Lemma 2.5, we have following lemma.
Lemma 2.6. Suppose that G is an A2-group of order p
n. Then
(1) d(G) ≤ 3 and c(G) ≤ 3;
(2) if d(G) = 3, then c(G) = 2 and G′ ≤ C3p . Moreover, if G
′ = C3p , then |G| = 2
6,
G′ = Ω1(G) = Z(G) ∼= C
3
2 and G has no abelian subgroup of index p;
(3) if d(G) = 3 and |G′| = p, then |G : Z(G)| = p2 and the type of G/G′ is (pu, pv, p)
where u+ v = n− 2;
(4) if d(G) = 3 and |G′| = p2, then c(G) = 2, Φ(G) = ℧1(G) = Z(G), G has a unique
abelian subgroup A of index p and exp(A) > p, G/G′ has the type (pn−4, p, p) and
A/G′ has the type (pn−5, p, p).
(5) if G has an abelian subgroup of index p, then G is metacyclic if and only if p = 2;
(6) if p = 2, then G is metacyclic if and only if d(G) = 2;
(7) if |G′| = p, then α1(G) = p
2;
(8) if d(G) = 2 and |G′| = p3, then α1(G) = 1 + p;
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(9) if d(G) = 2 and G′ ∼= C2p , then α1(G) = p.
Lemma 2.7. ([7, p27, Exercise 6]) Let G be a non-abelian p-group. Then the number
of abelian subgroups of index p in G is 0, 1 or p+ 1.
Lemma 2.8. [17, p259, Aufgabe 2]) Suppose that a finite non-abelian p-group G has
an abelian normal subgroup A, and G/A = 〈bA〉 is cyclic. Then the map a 7→ [a, b],
a ∈ A, is an epimorphism from A to G′, and G′ ∼= A/A ∩ Z(G). In particular, if a
non-abelian p-group G has an abelian subgroup of index p, then |G| = p|G′||Z(G)|.
Lemma 2.9. Let p be an odd prime. Then the equation x2 + ry2 − u = 0 about x, y
over Fp has a solution, and the following conclusions hold:
(1) If −r ∈ (F ∗p )
2 and u ∈ F ∗p , then the equation x
2 + ry2 − u = 0 has exactly p− 1
solutions;
(2) If −r 6∈ (F ∗p )
2 and u ∈ F ∗p , then the equation x
2 + ry2 − u = 0 has exactly p+1
solutions.
Proof Let A = {a2
∣∣ a ∈ Fp} and B = {u− rb2 ∣∣ b ∈ Fp}. Then |A| = |B| = p+12 . It
follows that A ∩B 6= ∅. Hence there exist a, b ∈ Fp such that a
2 = u− rb2.
(1) Let −r = α2. Then the equation x2 + ry2 − u = 0 is x2 − α2y2 = u, and hence
is equivalent to
{
x+ αy = k
x− αy = k−1u
where k = 1, 2, . . . , p − 1. Hence the equation x2 + ry2 − u = 0 has exactly p − 1
solutions.
(2) Let n(u) be the number of solutions of the equation x2 + ry2 − u = 0. Since
−r 6∈ (F ∗p )
2, n(0) = 1. It is obvious that n(u1) = n(u2) for u1u
−1
2 ∈ (F
∗
p )
2. Let
ν 6∈ (F ∗p )
2. Since Fp × Fp has a partition
{(x, y) ∈ Fp × Fp | x
2 + ry2 ∈ (F ∗p )
2} ∪ {(x, y) ∈ Fp × Fp | x
2 + ry2 6∈ (F ∗p )
2},
p2 = n(0) + p−12 n(1) +
p−1
2 n(ν). It follows that n(1) + n(ν) = 2p+ 2. If we prove that
n(1) = p+ 1, then n(u) = p+ 1 for all u ∈ F ∗p .
Now we calculate n(1). If y = 0, then the equation x2 + ry2 − 1 = 0 has two
solutions (1, 0) and (−1, 0). If y 6= 0, then the equation x2 + ry2 − 1 = 0 is equivalent
to (xy−1)2 − y−2 + r = 0. By (1), the later has p− 1 solutions. Hence n(1) = p+ 1.
Lemma 2.10. Let p be an odd prime. If s2 − 4r 6≡ 0(mod p), then the equation
x2 + sxy + ry2 + wx+ vy + u = 0 about x, y over Fp has a solution.
Proof Let x1 = x + 2
−1sy, y1 = y, r1 = r − 4
−1s2 and v1 = v − 2
−1ws. Then
the equation is turned to x21 + r1y
2
1 + wx1 + v1y1 + u = 0. Let x2 = x1 + 2
−1w,
y2 = y1 + 2
−1r−11 v1 and u2 = u − 4
−1w2 − 4−1r−11 v
2
1 . Then the equation is turned
to x22 + r1y
2
2 + u2 = 0. By Lemma 2.9, the last equation has a solution (a, b). Thus
(a− 2−1w − 2−1sb+ 4−1sr−11 v1, b− 2
−1r−11 v1) is a solution of the first equation. 
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Lemma 2.11. ([29, Lemma 3.1]) Let G be a non-abelian two-generator p-group having
an abelian subgroup A of index p. Assume that |G/G′| = pm+1 and c(G) = c. Then
m ≥ 1, c ≥ 2 and
(1) G has the lower central complexion (m+1, 1, . . . , 1︸ ︷︷ ︸
c−1
) and hence |G′| = pc−1, |G| =
pm+c;
(2) |Z(G)| = pm and G/Z(G) is of maximal class;
(3) Z(G) ≤ Φ(G), Φ(G) = G′Z(G) and G′ ∩ Z(G) = Gc;
(4) Let M be a non-abelian subgroup of index p of G. Then Z(M) = Z(G) and
M ′ = G3,M3 = G4, · · · ,Mc−1 = Gc.
Lemma 2.12. ([29, Corollary 3.8]) Suppose that G is a finite p-group having an abelian
subgroup of index p, and all non-abelian subgroups of G are generated by two elements.
Then
(1) G ∈ A2 if and only if c(G) = 3;
(2) If p = 2, then G is metacyclic;
(3) If c(G) ≤ p, then d(G′) = c(G) − 1. If c(G) ≥ p+ 1, then d(G′) = p− 1.
Lemma 2.13. ([29, Theorem 4.1]) Suppose that G is a three-generator non-abelian
p-group, and all non-abelian proper subgroups of G are generated by two elements. If
G has an abelian subgroup of index p, then G ∈ A2.
Lemma 2.14. ([13, Theorem 4]) Let G be a p-group. If both G and G′ can be generated
by two elements, then G′ is abelian.
Lemma 2.15. Suppose that G is a finite p-group. M1 and M2 are two distinct maximal
subgroups of G. Then |G′| ≤ p|M ′1M
′
2|.
Proof Let G¯ = G/M ′1M
′
2. Then G¯ has abelian subgroups M¯1 and M¯2 of index p.
Hence Z(G¯) ≥ M¯1 ∩ M¯2. By Lemma 2.8, |G¯
′| ≤ p. Thus |G′| ≤ p|M ′1M
′
2|. 
Lemma 2.16. ([1, Theorem 5.6]) If G is a finite non-abelian p-group and |G′| = pk,
then G has a subgroup K such that d(K) ≤ k + 1 and Kn = Gn for all 2 ≤ n ≤ c(G).
Proposition 2.17. ([27]) Let G be a metabelian group and a, b ∈ G. For any positive
integers i and j, let
[ia, jb] = [a, b, a, . . . , a︸ ︷︷ ︸
i−1
, b, . . . , b︸ ︷︷ ︸
j−1
].
Then, for any positive integers m and n,
[am, bn] =
m∏
i=1
n∏
j=1
[ia, jb](
m
i )(
n
j).
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The following lemma is equivalent to [19, Theorem 3.4]
Lemma 2.18. Assume G is a finite p-group. If c(H) ≤ 2 for all H < G, then c(G) ≤ 3.
Let G be a group of order pm, |G : Φ(G)| = pd,
Γi = {H < G | Φ(G) ≤ H, |G : H| = p
i}
and M be a set of proper subgroups of G. For K ≤ G, we denote by α(K) the number
of members of the set M that are subgroups of K. Obviously, α(G) = |M|.
Theorem 2.19. (Hall’s enumeration principle) In the above notation,
α(G) =
d∑
i=1
∑
H∈Γi
(−1)i−1p(
i
2)α(H).
3 Some general properties of At-groups with t ≥ 3
Y. Berkovich was the first where At-groups were investigated. He obtained many
significant results. The following are some related to A3-groups.
Lemma 3.1. ([5, Lemma J(i)]) Let G be a metacyclic p-group. Then G is an At-group
if and only if |G′| = pt.
Lemma 3.2. ([8, Proposition 72.2]) If a p-group G is an A3-group, then |G
′| ≤ p4.
For p = 5, there exists an A3-group G with |G
′| = 54.
Lemma 3.3. ([8, Proposition 72.3]) Suppose that a p-group G is an A3-group with
|G′| = p4. Then
(a) G′ is abelian.
(b) If exp(G′) = p, then p > 2, G/G′ is abelian of type (pn, p)(n ≥ 1) and G′ ∼= Cmp .
If, in addition, n > 1, then Ω1(G) = G
′.
(c) G′ is not metacyclic.
Theorem 3.4. ([8, Theorem 72.6]) If a p-group G is an A4-group, then |G
′| ≤ p6.
In following we give more information about At-groups.
Lemma 3.5. ([2, Corollary 2.4]) (1) Let M be an At-group, and A be an abelian group
of order pk. Then G =M ×A is an At+k-group.
(2) Let M be an At-group with |M
′| = p, G = M ∗ A, where A is an abelian group
of order pk+1 and M ∩A = G′. Then G is an At+k-group.
Lemma 3.6. ([24, Theorem 5.4]) Assume G is a finite 2-group having a unique A1-
subgroup A of index p. If |G| = 2t ≥ 29 and G/A′ has a unique abelian subgroup of
index p, then one of the following is true:
(1) G is metacyclic;
(2) G is an At−2-group or an At−3-group.
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Lemma 3.7. ([24, Corollary 5.5]) Assume that G is a finite 2-group having a unique
A1-subgroup A of index p. If G is an A3-group and |G| ≥ 2
9, then G is metacyclic.
Lemma 3.8. Suppose that G is a finite p-group having an abelian subgroup of index p.
If all non-abelian subgroups of G are generated by two elements, then G is an At-group
if and only if c(G) = t+ 1.
Proof Suppose that c(G) = t + 1 and M is a non-abelian subgroup of index p. By
Lemma 2.11(4), c(M) = t. By hypothesis, d(M) = 2. By induction on t, M is an
At−1-group. Hence G is an At-group. 
Lemma 3.9. If G is a p-group of maximal class of order pn with n ≥ 3, then G is an
An−2-group.
Proof By [7, Theorem 9.6(f)], there exists a subgroup A of order p2 of G such that
CG(A) = A. Let B be a subgroup of G with B ≥ A and |B| = p
3. Then B is not
abelian. It follows that G ∈ An−2. 
Lemma 3.10. If a p-group G is an At-group and G
′ is regular, then exp(G′) ≤ pt.
Proof By induction on t we have exp(M ′) ≤ pt−1 for all M ⋖G. Let N =
∏
M⋖G
M ′.
Since G′ is regular, exp(N) ≤ pt−1 by [7, Theorem 7.2(b)]. It is easy to see that G/N
is abelian or an A1-group. It follows by Lemma 2.2(2) that |G
′N/N | = |(G/N)′| ≤ p.
Thus exp(G′) ≤ p · pt−1 = pt. 
Corollary 3.11. Assume G is a finite p-group.
(1) If G is an A3-group, then exp(G
′) ≤ p3.
(2) If p ≥ 7 and G is an A4-group, then exp(G
′) ≤ p4.
Proof By Lemma 3.3(a), Theorem 3.4 and [7, Theorem 7.1(b)] we get G′ is regular.
Thus the conclusion follows by Lemma 3.10. 
Theorem 3.12. If a p-group G is an A3-group, then c(G) ≤ 4.
Proof Let N =
∏
M⋖G
M3. Since M3 is characteristic in M , M3 ⊳ G. Thus N ⊳ G.
By Lemma 2.18, c(G/N) ≤ 3. If N ≤ Z(G), then c(G) ≤ 4. Assume N  Z(G).
Then there exists M ⋖G such that M3  Z(G). Thus |M3| ≥ p2. Notice that M is an
A2-group. Hence |M | = p
5 by checking the list of groups in Lemma 2.5. Thus |G| = p6.
If c(G) = 5, then G is of maximal class. It follows by Lemma 3.9 that G an A4-group.
This is a contradiction. 
Remark 3.13. There exist A3-groups of class 4. In fact, those groups listed in Theorem
5.1 are all A3-groups of class 4.
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Lemma 3.14. Assume a p-group G is an A3-group.
(1) If Φ(G) is non-abelian, then Φ(G) is metacyclic.
(2) If p > 2, then Φ(G) is non-abelian if and only if G is metacyclic.
Proof (1) Since G is an A3-group, d(G) = 2 and Φ(G) ∈ A1. By Lemma 2.2,
d(Φ(G)) = 2. It follows from [7, Theorem 44.12] that Φ(G) is metacyclic.
(2) ⇐= Let G = 〈a, b〉. Then o([a, b]) = p3 by Lemma 3.1. Since G is regular,
[ap, bp] = 1 if and only if [a, b]p
2
= 1 by [7, Theorem 7.2(e)]. Since o([a, b]) = p3,
[ap, bp] 6= 1. It follows that Φ(G) is non-abelian.
=⇒ Assume G is not metacyclic. It follows by Lemma 3.1 and Lemma 3.3(a) and
(c) that |G′ : Ω1(G
′)| ≤ p. Thus G3 ≤ Ω1(G
′). It follows that exp(G3) ≤ p. on the
other hand, c(G) ≤ 4 by Lemma 3.12. Since G′ is abelian, G is metabelian. By lemma
2.17 we have
[xp, yp] =
p∏
i=1
p∏
j=1
[ix, jy](
p
i)(
p
j), [xp, z] =
p∏
i=1
[ix, z](
p
i).
where x, y ∈ G, z ∈ G′.
It follows from exp(G′) ≤ p2, exp(G3) ≤ p, c(G) ≤ 4 and p > 2 that [x
p, yp] = 1
and [xp, z] = 1. Thus Φ(G) is abelian. This is a contradiction. 
Remark 3.15. In Lemma 3.14, if p = 2, then (2) is not true. For example, D32 is a
metacyclic A3-group, but Φ(D32) ∼= C8.
Lemma 3.16. Suppose that G is an A3-group. If G has a maximal subgroup M such
that d(M) = 3 and M ′ 6≤ Z(G), then G has a three-generator maximal subgroup L such
that d(L) = 3, |L′| ≤ p2 and L′ 6≤ Z(G).
Proof Otherwise, for every three-generator maximal subgroup L with d(L) = 3 and
|L′| ≤ p2, we have L′ ≤ Z(G). Hence |M ′| ≥ p3. It follows from Lemma 2.6(2) that
p = 2, |M | = 26 and M ′ = Ω1(M) = Z(M) ∼= C
3
2 .
Let d(G) = r where 2 ≤ r ≤ 4. Then G has s = 1+ 2+ · · ·+ 2r−1 maximal subgroups.
Let H1,H2, · · · ,Hs−1 and M be all maximal subgroups of G. Since M
′ ≤ Hi, Hi is
not metacyclic. It follows from Lemma 2.6(6) that d(Hi) = 3. If |H
′| = 8, then we
also have H ′ = Ω1(H) = Z(H). Since M
′ ∼= C32 ≤ H, M
′ = H ′. It follows that
[M ′, G] = [M ′,HM ] = 1 and hence M ′ ≤ Z(G), a contradiction. Hence |H ′i| ≤ 4 and
H ′i ≤ Z(G). Let N = H
′
1H
′
2 · · ·H
′
s−1. Then G/N has s− 1 abelian subgroups of index
p. Since s− 1 ≥ 2, we have, by Lemma 2.7, the number of abelian subgroups of index
p of G/N is 3. Hence s − 1 ≤ 3. It follows that d(G) = 2 and M/N is also abelian.
Thus M ′ ≤ N ≤ Z(G), a contradiction. 
Lemma 3.17. Suppose that G is a four-generator A3-group. Then c(G) = 2, Φ(G) ≤
Z(G), G′ ≤ C3p and all A1-subgroups of G contain Φ(G).
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Proof Let M be an A1-subgroup of G and L be a maximal subgroup containing M .
Since d(G) = 4, we have d(L) ≥ 3. Hence L ∈ A2. By Lemma 2.6(2), we get d(L) = 3,
c(L) = 2 and L′ ≤ C3p . By comparing the indexes of Φ(M),Φ(L) and Φ(G), we get
Z(M) = Φ(M) = Φ(L) = Φ(G).
By the arbitrariness of M we get Φ(G) ≤ Z(G). Hence c(G) = 2. Let N =
∏
L<· G
L′.
ThenN ≤ Z(G) and exp(N) = p. Since all subgroups of G/N are abelian, we have G/N
is also abelian. It follows that G′ = N . Hence exp(G′) = p. Since G′ ≤ Ω1(Φ(G)) =
Ω1(Φ(M)), G
′ ≤ C3p . 
Lemma 3.18. Let G be an A3-group such that d(G) = 3 and Φ(G) ≤ Z(G). Then
α1(G) = µ1 + p
2µ2.
Proof Groups satisfying d(G) = 3 and Φ(G) ≤ Z(G) were classified in [2, 23]. The
derived groups of non-abelian maximal subgroups of G are of order p.
Let H ∈ Γ2. Then, by Φ(G) ≤ Z(G), H is abelian and hence α1(H) = 0. Let
M ∈ Γ1. If M ∈ A2, then, by Lemma 2.6(7), α1(M) = p
2. By Hall’s enumeration
principle, α1(G) =
∑
H∈Γ1
α1(H) = µ1 + p
2µ2. 
4 A3-groups with an A1-subgroup of index p
In this section, we classify A3-groups with an A1-subgroup of index p. Since finite
p-groups with an A1-subgroup of index p are classified by [2, 3, 22, 23, 24], it is enough
to check whether those groups in [2, 3, 22, 23, 24] are A3-groups or not. In this case,
A3-groups have 72 non-isomorphic types.
For convenience, in this section, assume G is an A3-group with an A1-subgroup of
index p in Theorem 4.1, 4.2, 4.4, 4.6 and 4.7. It is easy to see that d(G) ≤ 3.
Theorem 4.1. G has an abelian subgroup of index p and d(G) = 2 if and only if G is
isomorphic to one of the following pairwise non-isomorphic groups:
(Ai) c(G) = 3 and G′ ∼= C4.
(A1) 〈a, b; c
∣∣ a4 = b2 = c4 = 1, [a, b] = c, [c, a] = [c, b] = c2〉. Moreover |G| = 25,
Φ(G) = 〈a2, c〉 ∼= C4 × C2, G
′ = 〈c〉 and Z(G) = 〈a2, c2〉 ∼= C22 .
(A2) 〈a, b; c
∣∣ a4 = b4 = 1, c2 = a2, [a, b] = c, [c, a] = [c, b] = c2〉. Moreover,
|G| = 25, Φ(G) = 〈b2, c〉 ∼= C4 × C2, G
′ = 〈c〉 and Z(G) = 〈b2, c2〉 ∼= C22 .
(A3) 〈a, b; c
∣∣ a8 = b2 = 1, c2 = a4, [a, b] = c, [c, a] = [c, b] = c2〉. Moreover,
|G| = 25, Φ(G) = 〈a2, c〉 ∼= C4 × C2, G
′ = 〈c〉 and Z(G) = 〈a2〉 ∼= C4.
(Aii) c(G) = 3 and G′ ∼= C2p where p > 2.
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(A4) 〈a, b; c
∣∣ ap3 = bp = cp = 1, [a, b] = c, [c, a] = 1, [c, b] = aνp2〉, where ν = 1
or a fixed quadratic non-residue modulo p. Moreover, |G| = p5, Φ(G) =
〈ap, c〉 ∼= Cp2 × Cp, G
′ = 〈ap
2
, c〉 and Z(G) = 〈ap〉 ∼= Cp2 .
(A5) 〈a, b; c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a] = 1, [c, b] = bp〉. Moreover,
|G| = p5, Φ(G) = 〈ap, bp, c〉 ∼= C3p , G
′ = 〈bp, c〉 and Z(G) = 〈ap, bp〉 ∼= C2p .
(A6) 〈a, b; c, d
∣∣ ap2 = bp = cp = dp = 1, [a, b] = c, [c, a] = 1, [c, b] = d, [d, a] =
[d, b] = 1〉. Moreover, |G| = p5, Φ(G) = 〈ap, c, d〉 ∼= C3p , G
′ = 〈c, d〉 and
Z(G) = 〈ap, d〉 ∼= C2p .
Moreover, (µ0, µ1, µ2) = (1, p − 1, 1) and α1(G) = p
2 + p− 1.
Proof Let A be an abelian subgroup of index p and B be an A1-subgroup of index
p. By Lemma 2.11, G3 = B
′, c(G) = 3 and |G′| = p2. Let G¯ = G/G3. Then |G¯
′| = p.
Since d(G¯) = d(G) = 2, G¯ ∈ A1 by Lemma 2.2. Obviously, G3 = Φ(G
′)G3. If G¯ is
metacyclic, then G is also metacyclic by Lemma 2.1. Hence G is an A2-group by Lemma
3.1. This contradicts that G is an A3-group. Thus G¯ is a non-metacyclic A1-group.
By Lemma 2.3, G¯ ∼= Mp(n,m, 1). Now we have Φ(G
′)G3 ≤ C
2
p , Φ(G
′)G3 ≤ Z(G)
and G/Φ(G′)G3 ∼= Mp(n,m, 1). Thus G is one of the groups classified in [3]. Since
|G′| = p2, G is either one of the groups listed in [3, Theorem 3.5] or [3, Theorem
4.6]. By hypothesis, we only need pick out those groups satisfying the following three
conditions:
(1) the minimal index of A1-subgroups is 1;
(2) the maximal index of A1-subgroups is 2;
(3) G has an abelian subgroup of index p.
If G′ ∼= Cp2 , then G is one of the groups listed in [3, Theorem 3.5]. [3, Theorem
3.1 & 3.6] tell us those groups in [3, Theorem 3.5] satisfy the conditions (1) and (2).
Moreover, it is easy to check which one satisfies the condition (3) in these groups. Thus
we get the groups (A1)–(A3). If G′ ∼= C2p , then G is one of the groups listed in [3,
Theorem 4.6]. [3, Theorem 4.1 & 4.7] tell us those groups in [3, Theorem 4.6] satisfy
the conditions (1) and (2). Moreover, in these groups we check which one satisfies the
condition (3). Thus we get the groups (A4)–(A6). For convenience, in Table 1 we give
the relationship between the groups in Theorem 4.1 and those groups in paper [3].
Groups in Theorem 4.1 Groups in [3, Theorem 3.5] Groups in Theorem 4.1 Groups in [3, Theorem 4.6]
(A1) (A1) (A4) (J1) where n = 2 and m = 1
(A2) (A2) (A5) (J3) where n = 2 and m = 1
(A3) (A3) (A6) (J5) where n = 2 and m = 1
Table 1: The correspondence from Theorem 4.1 to [3, Theorem 3.5 & 4.6]
In following, we calculate the (µ0, µ1, µ2) and α1(G).
Since d(G) = 2, G has 1+p maximal subgroups. For any A3-group, we always have
µ2 ≥ 1. By the hypothesis, µ0 ≥ 1 and µ1 ≥ 1.
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If G is one of the groups (A1)–(A3), then p = 2. Hence µ0 + µ1 + µ2 = 1 + p = 3.
It follows that (µ0, µ1, µ2) = (1, 1, 1).
If G is one of the groups (A4)–(A6), then it is easy to see that 〈c, a,Φ(G)〉 and
〈c, b,Φ(G)〉 are the unique abelian subgroup of index p and the A2-subgroup of index
p respectively. Hence (µ0, µ1, µ2) = (1, p − 1, 1).
Now we calculate α1(G). It is obvious that α1(Φ(G)) = 0. Let M ∈ Γ1. If M is the
A2-subgroup of index p, then |M
′| = p. By Lemma 2.6 (7), α1(M) = p
2.
By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− pα1(Φ(G)) =
∑
H∈Γ1
α1(H) = µ1 + p
2µ2 = p
2 + p− 1.

Theorem 4.2. G has an abelian subgroup of index p and d(G) = 3 if and only if G is
isomorphic to one of the following pairwise non-isomorphic groups:
(Bi) c(G) = 2 and G′ ∼= Cp.
(B1) 〈a, b, c
∣∣ a4 = c4 = 1, b2 = a2 = [a, b], [c, a] = [c, b] = 1〉 ∼= Q8 × C4; where
|G| = 25, Φ(G) = 〈a2, c2〉 ∼= C2 × C2, G
′ = 〈a2〉 and Z(G) = 〈a2, c〉 ∼=
C4 × C2.
(B2) 〈a, b, c
∣∣ apn+1 = bpm = cp2 = 1, [a, b] = apn , [c, a] = [c, b] = 1〉 ∼=
Mp(n + 1,m) × Cp2, where min{n,m} = 1; where |G| = p
m+n+3, Φ(G) =
〈ap, bp, cp〉 ∼= Cpn × Cpm−1 × Cp if m > 1, Φ(G) ∼= Cpn × Cp if m = 1,
G′ = 〈ap
n
〉, Z(G) = 〈ap, bp, c〉 ∼= Cpn × Cpm−1 × Cp2 if m > 1 and Z(G) ∼=
Cpn × Cp2 if m = 1.
(B3) 〈a, b, c; d
∣∣ apn = bp = cp2 = dp = 1, [a, b] = d, [c, a] = [c, b] = 1〉 ∼=
Mp(n, 1, 1) × Cp2, where n ≥ 2 for p = 2; where |G| = p
n+4, Φ(G) =
〈ap, cp, d〉 ∼= Cpn−1 × Cp × Cp if n > 1, Φ(G) ∼= Cp × Cp if n = 1, G
′ = 〈d〉,
Z(G) = 〈ap, c, d〉 ∼= Cpn−1 × Cp2 × Cp if n > 1, Z(G) ∼= Cp2 ×Cp if n = 1.
(B4) 〈a, b, c
∣∣ a4 = 1, b2 = c4 = a2 = [a, b], [c, a] = [c, b] = 1〉 ∼= Q8 ∗ C8; where
|G| = 25, Φ(G) = 〈c2〉 ∼= C4, G
′ = 〈c4〉 and Z(G) = 〈c〉 ∼= C8.
(B5) 〈a, b, c
∣∣ apn = bp = cp3 = 1, [a, b] = cp2 , [c, a] = [c, b] = 1〉 ∼= Mp(n, 1, 1) ∗
Cp3, where n ≥ 2 for p = 2. Moreover, |G| = p
n+4, Φ(G) = 〈ap, cp〉 ∼=
Cpn−1 × Cp2 if n > 1, Φ(G) ∼= Cp2 if n = 1, G
′ = 〈cp
2
〉, Z(G) = 〈ap, c〉 ∼=
Cpn−1 × Cp3 if n > 1, Z(G) ∼= Cp3 if n = 1.
(Bii) c(G) = 2 and G′ ∼= C2p .
(B6) 〈a, b, c
∣∣ ap = bp2 = cp2 = 1, [b, c] = 1, [c, a] = cp, [a, b] = b−p〉, where p is odd;
and |G| = p5, Φ(G) = G′ = Z(G) = 〈bp, cp〉 ∼= C2p .
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(B7) 〈a, b, c
∣∣ apl = bp2 = cp2 = 1, [b, c] = 1, [c, a] = bpcp, [a, b] = b−p〉, where p is
odd; and |G| = pl+4, Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cpl−1 × Cp ×Cp if l > 1,
Φ(G) = Z(G) ∼= Cp × Cp if l = 1, G
′ = 〈bp, cp〉.
(B8) 〈a, b, c
∣∣ apl = bp2 = cp2 = 1, [b, c] = 1, [c, a] = bpctp, [a, b] = b−tpcνp〉, where
p is odd, ν = 1 or a fixed quadratic non-residue modulo p, −ν ∈ (F ∗p )
2, and
t ∈ {0, 1, . . . , p−12 } such that t
2 6= −ν; and |G| = pl+4, Φ(G) = Z(G) =
〈ap, bp, cp〉 ∼= Cpl−1 × Cp × Cp if l > 1, Φ(G) = Z(G)
∼= Cp × Cp if l = 1,
G′ = 〈bp, cp〉.
(B9) 〈a, b, c
∣∣ ap = bp3 = cp3 = 1, [b, c] = 1, [c, a] = bp2ctp2 , [a, b] = b−tp2cνp2〉,
where p is odd, ν = 1 or a fixed quadratic non-residue modulo p, −ν 6∈ (F ∗p )
2,
and t ∈ {0, 1, . . . , p−12 }; moreover, |G| = p
7, Φ(G) = Z(G) = 〈bp, cp〉 ∼=
Cp2 × Cp2 , G
′ = 〈bp
2
, cp
2
〉.
(B10) 〈a, b, c
∣∣ a2l = b4 = c4 = 1, [b, c] = 1, [c, a] = b2, [a, b] = c2〉; where |G| = 2l+4,
Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C2l−1 × C2 × C2 if l > 1, Φ(G) = Z(G)
∼=
C2 × C2 if l = 1, G
′ = 〈b2, c2〉.
(B11) 〈a, b, c
∣∣ a2 = b8 = c8 = 1, [b, c] = 1, [c, a] = b4, [a, b] = b4c4〉; where |G| = 27,
Φ(G) = Z(G) = 〈b2, c2〉 ∼= C4 × C4, G
′ = 〈b4, c4〉.
(B12) 〈a, b, c
∣∣ apl = bp3 = cp2 = 1, [b, c] = 1, [a, b] = cνp, [c, a] = bp2〉, where ν = 1
or a fixed quadratic non-residue modulo p; and |G| = pl+5, Φ(G) = Z(G) =
〈ap, bp, cp〉 ∼= Cpl−1 × Cp2 × Cp if l > 1, Φ(G) = Z(G)
∼= Cp2 × Cp if l = 1,
G′ = 〈bp
2
, cp〉.
(B13) 〈a, b, c
∣∣ apl+1 = bpm = cp2 = 1, [b, c] = 1, [c, a] = cp, [a, b] = apl〉, where
m ≤ 2; moreover, |G| = pl+m+3, Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cpl × C
2
p if
m = 2, Φ(G) = Z(G) ∼= Cpl × Cp if m = 1, G
′ = 〈ap
l
, cp〉.
(B14) 〈a, b, c
∣∣ apl+1 = bpm+1 = cpn = 1, [b, c] = 1, [c, a] = bpm , [a, b] = apl〉, where
min{l,m, n} = 1 and max{m,n} = 2; moreover, |G| = pl+m+n+2, Φ(G) =
Z(G) = 〈ap, bp, cp〉 ∼= Cpl×Cpm×Cpn−1 if n > 1, Φ(G) = Z(G)
∼= Cpl×Cpm
if n = 1, G′ = 〈ap
l
, bp
m
〉.
(B15) 〈a, b, c
∣∣ a4 = b4 = c4 = 1, [b, c] = 1, [c, a] = a2c2, [a, b] = c2〉; where |G| = 26,
Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C32 , G
′ = 〈a2, c2〉.
(B16) 〈a, b, c
∣∣ a4 = b4 = c4 = 1, [b, c] = 1, [c, a] = a2 = c2, [a, b] = b2〉; where
|G| = 25, Φ(G) = Z(G) = G′ = 〈a2, b2〉 ∼= C22 .
(B17) 〈a, b, c;x
∣∣ apl = bp = cp2 = xp = 1, [a, b] = x, [a, c] = cp, [b, c] = [x, a] =
[x, b] = [x, c] = 1〉, where l ≥ 2 if p = 2; moreover, |G| = pl+4, Φ(G) =
Z(G) = 〈ap, cp, x〉 ∼= Cpl−1 × Cp × Cp if l > 1, Φ(G) = Z(G)
∼= Cp × Cp if
l = 1, G′ = 〈cp, x〉.
(B18) 〈a, b, c;x
∣∣ apl = bpm = cp2 = xp = 1, [a, b] = cp, [a, c] = x, [b, c] = [x, a] =
[x, b] = [x, c] = 1〉, where l ≥ 2 if p = 2, m ≤ 2 and min{l,m} = 1; moreover,
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|G| = pl+m+3, Φ(G) = Z(G) = 〈ap, bp, cp, x〉 ∼= Cpl−1 × Cp × Cp if m = 1,
Φ(G) = Z(G) ∼= Cpm−1 × Cp × Cp if l = 1, G
′ = 〈cp, x〉.
(B19) 〈a, b, c;x
∣∣ apl+1 = bpm = cp = xp = 1, [a, b] = apl , [a, c] = x, [b, c] = [x, a] =
[x, b] = [x, c] = 1〉, where m ≤ 2; moreover, |G| = pl+m+3, Φ(G) = Z(G) =
〈ap, bp, x〉 ∼= Cpl ×Cpm−1 ×Cp if m > 1, Φ(G) = Z(G)
∼= Cpl ×Cp if m = 1,
G′ = 〈ap
l
, x〉.
(B20) 〈a, b, c;x
∣∣ a4 = b2 = c4 = x2 = 1, [a, b] = x, [a, c] = a2 = c2, [b, c] = [x, a] =
[x, b] = [x, c] = 1〉; where |G| = 25, Φ(G) = Z(G) = G′ = 〈a2, x〉 ∼= C22 .
Moreover, Table 2 gives (µ0, µ1, µ2) and α1(G) for the groups (B1)–(B20).
(µ0, µ1, µ2) α1(G) types of A3 groups
(p + 1, p2 − 1, 1) 2p2 − 1 (B1); (B2) where m = n = 1; (B3) where n = 1; (B4); (B5) where n = 1
(p + 1, p2 − p, p) p3 + p2 − p (B2) where m > 1 = n or n > 1 = m; (B3) where n > 1; (B5) where n > 1
(1, p2 − 1, p + 1) p3 + 2p2 − 1
(B6); (B9); (B11); (B13) where p = 2 and m = l = 1
(B17) where l = 1; (B19) where p = 2 and m = l = 1
(1, p2, p) p3 + p2
(B7) where l > 1; (B10); (B12) where l > 1; (B13) where m = 1 and l > 1
(B14) where n = 1 or m = 1; (B16); (B18) where m = 1
(B19) where p = 2 and l > 1 = m; (B19) where p > 2 and m = 1
(1, p2 + p− 1, 1) 2p2 + p − 1 (B7) where l = 1; (B12) where l = 1; (B13) where p > 2 and m = l = 1; (B20)
(1, p2 + p− 2, 2) 3p2 + p − 2 (B8) where l = 1
(1, p2 − p, 2p) 2p3 + p2 − p
(B8) where l > 1; (B13) where m = 2; (B14) where n = m = 2
(B15); (B17) where l > 1; (B18) where m = 2; (B19) where m = 2
Table 2: The enumeration of (B1)–(B20)
Proof Let A be an abelian subgroup of index p and B be an A1-subgroup of index
p. By Lemma 2.15, |G′| ≤ p|A′||B′| = p2. It is easy to see that Φ(B) = Φ(G). By
Lemma 2.2, Φ(B) = Z(B). Since [Φ(G), A] = [Φ(G), B] = 1 and G = AB, we have
Φ(G) ≤ Z(G). Moreover, it is easy to prove that G′ ≤ C2p . If |G
′| = p, then G is one of
the groups listed in [2, Theorem 3.1]. Since G has an A1-subgroup of index p, they are
the groups (B1)–(B5). If |G′| = p2, then G is one of the groups listed in [2, Theorem
4.7]. By checking [2, Table 4] we get the groups (B6)–(B20). The correspondence shows
as Table 3.
Groups Groups in [2, Theorem 4.8] Groups Groups in [2, Theorem 4.8]
(B6) (A1) where l = m = 1 (B14) (A10) where min{l,m, n} = 1 and max{m,n} = 2
(B7) (A2) where m = 1 (B15) (A11) where n = 2
(B8) (A3) where m = 1 and −ν ∈ (F∗
p
)2 (B16) (A12) where h = 1
(B9) (A3) where l = 1, m = 2 and −ν 6∈ (F∗
p
)2 (B17) (B1) where m = n = 2 = 1
(B10) (A4) where m = 1 (B18) (B2) where n = 1, m ≤ 2 and min{l,m} = 1
(B11) (A6) where m = 2 (B19) (B3) where n = 1 and m ≤ 2
(B12) (A8) where m = 2 and n = 1 (B20) (B4) where h = 1
(B13) (A9) where n = 1 and m ≤ 2
Table 3: The correspondence from Theorem 4.2 to [2, Theorem 4.7]
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 4.2 as follows.
By Lemma 3.18, α1(G) = µ1 + p
2µ2. Hence we only need to calculate (µ0, µ1, µ2).
Since d(G) = 3, G has 1 + p+ p2 maximal subgroups. They are respectively
M = 〈b, c,Φ(G)〉;
Mi = 〈ab
i, c,Φ(G)〉, where 0 ≤ i ≤ p− 1;
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Mij = 〈ac
i, bcj ,Φ(G)〉, where 0 ≤ i, j ≤ p− 1.
Case 1. G′ ∼= Cp. That is, G is one of the groups (B1)–(B5).
In this case, M and Mi are abelian. Notice that |M
′
ij | = p. If d(Mij) = 2, then,
by Lemma 2.2, Mij ∈ A1. Since Φ(Mij) ≤ Φ(G), we get that Mij ∈ A1 if and only if
Φ(G) = Φ(Mij).
By calculations, Φ(G) = 〈ap, bp, cp, G′〉 and Φ(Mij) = 〈a
pcip, bpcjp, G′〉. Since
Φ(G)/G′ = 〈a¯p〉 × 〈b¯p〉 × 〈c¯p〉 where a¯p = 1 or b¯p = 1, and 〈c¯p〉 ∼= Cp, the follow-
ing conclusions hold:
(i) If a¯p = 1 and b¯p 6= 1, then Φ(G) = Φ(Mij) if and only if (i, p) = 1;
(ii) If a¯p 6= 1 and b¯p = 1, then Φ(G) = Φ(Mij) if and only if (j, p) = 1;
(iii) If a¯p = b¯p = 1, then Φ(G) = Φ(Mij) if and only if (i, p) = 1 or (j, p) = 1.
If |G| = p5, then case (iii) happens. In this case, M00 is the unique A2-subgroup of
G. Hence (µ0, µ1, µ2) = (p + 1, p
2 − 1, 1).
If |G| > p5, then case (i) or (ii) happens. If (i) happens, then Mij ∈ A2 if and only
if i = 0. If (ii) happens, then Mij ∈ A2 if and only if j = 0. Hence (µ0, µ1, µ2) =
(p+ 1, p2 − p, p).
Case 2. G′ ∼= C2p . That is, G is one of the groups (B6)–(B20).
In this case, M is the unique abelian subgroup of index p. Notice that |M ′i | = p. If
d(Mi) = 2, then, by Lemma 2.2, Mi ∈ A1. Since Φ(Mi) ≤ Φ(G), we get that Mi ∈ A1
if and only if Φ(G) = Φ(Mij). Similar argument gives that Mij ∈ A1 if and only if
Φ(G) = Φ(Mij).
Subcase 1. G is the group (B6).
In this case,M0 = 〈a, c〉×〈b
p〉 ∈ A2. For i 6= 0,Mi = 〈ab
i, c〉 ∈ A1. By calculations,
Φ(G) = 〈bp, cp〉 and Φ(Mij) = 〈c
ip, bpcjp〉. Hence Φ(G) = Φ(Mij) if and only if (i, p) =
1. In Summary, G has p+1 A2-subgroups. They areM0 andM0j . Hence (µ0, µ1, µ2) =
(1, p2 − 1, p + 1).
Subcase 2. G is the group (B7).
In this case, Mi = 〈ab
i, c〉 ∈ A1. By calculations, Φ(G) = 〈a
p, bp, cp〉 and Φ(Mij) =
〈apcip, bpcjp, b−pb−jpc−jp〉 = 〈apcip, bpcjp, b−jp〉.
If l = 1, then ap = 1. In this case, Φ(G) = Φ(Mij) if and only if (i, p) = 1 or (j, p) =
1. That is, G has a unique A2-subgroup M00. Hence (µ0, µ1, µ2) = (1, p
2 + p− 1, 1).
If l > 1, then ap 6= 1. In this case, Φ(G) = Φ(Mij) if and only if (j, p) = 1. That is,
G has p A2-subgroups Mi0. Hence (µ0, µ1, µ2) = (1, p
2, p).
Subcase 3. G is the group (B8).
In this case, Mi = 〈ab
i, c〉 ∈ A1. By calculations, Φ(G) = 〈a
p, bp, cp〉 and Φ(Mij) =
〈apcip, bpcjp, b−tpcνpb−jpc−tjp〉 = 〈apcip, bpcjp, cνpb−jp〉.
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If l = 1, then ap = 1. In this case, Φ(G) = Φ(Mij) if and only if (i, p) = 1 or∣∣∣∣ 1 j−j ν
∣∣∣∣ 6= 0. That is, G has 2A2-subgroupsM0j where j2 = −ν. Hence (µ0, µ1, µ2) =
(1, p2 + p− 2, 2).
If l > 1, then ap 6= 1. In this case, Φ(G) = Φ(Mij) if and only if
∣∣∣∣ 1 j−j ν
∣∣∣∣ 6= 0.
That is, G has 2p A2-subgroupsMij where j
2 = −ν. Hence (µ0, µ1, µ2) = (1, p
2−p, 2p).
Subcase 4. G is the group (B9).
In this case, M0 = 〈a, c〉 ∗ 〈b
pctp〉 ∈ A2. For i 6= 0, Mi = 〈ab
i, c〉 ∈ A1. By
calculations, Φ(G) = 〈bp, cp〉 and Φ(Mij) = 〈c
ip, bpcjp, G′〉. Hence Φ(G) = Φ(Mij) if
and only if (i, p) = 1. In summary, G has p A2-subgroups. They are M0 and M0j .
Hence (µ0, µ1, µ2) = (1, p
2 − 1, p + 1).
Subcase 5. G is the group (B10).
In this case, Mi = 〈ab
i, c〉 ∈ A1. By calculations, Φ(G) = 〈a
2, b2, c2〉 and Φ(Mij) =
〈a2c2ib2i, b2c2j , c2b2j〉. Hence Φ(G) = Φ(Mij) if and only if j = 0. In summary, G has
p A2-subgroups. They are Mi1. Hence (µ0, µ1, µ2) = (1, p
2, p).
Subcase 6. G is the group (B11).
In this case, M0 = 〈a, c〉 ∗ 〈b
2〉 ∈ A2 and M1 = 〈ab, c〉 ∈ A1. By calculations,
Φ(G) = 〈b2, c2〉 and Φ(Mij) = 〈c
2i, b2c2j , G′〉. Hence Φ(G) = Φ(Mij) if and only
if i = 1. In summary, G has p + 1 A2-subgroups. They are M0 and M0j . Hence
(µ0, µ1, µ2) = (1, p
2 − 1, p+ 1).
Subcase 7. G is the group (B12).
By calculations, Φ(Mij) = 〈a
pcip, bpcjp, cνpb−jp
2
〉 = 〈ap, bp, cp〉 = Φ(G). Hence
Mij ∈ A1. Notice that Φ(Mi) = 〈a
pbip, cp, bp
2
〉.
If l = 1, then ap = 1. In this case, Φ(G) = Φ(Mi) if and only if (i, p) = 1. That is,
G has a unique A2-subgroup M0. Hence (µ0, µ1, µ2) = (1, p
2 + p− 1, 1).
If l > 1, then ap 6= 1 and Φ(G) > Φ(Mi). Hence Mi ∈ A2 and (µ0, µ1, µ2) =
(1, p2, p).
Subcase 8. G is the group (B13).
By calculations, Φ(G) = 〈ap, bp, cp〉. If p > 2, then Φ(Mi) = 〈a
pbip, cp〉. Hence
Mi ∈ A2 for m = 2 and Mi ∈ A1 for m = 1. If p = 2, then Φ(Mi) = 〈a
2b2iai2
l
, c2〉.
Hence Mi ∈ A2 for m = 2 and Mi ∈ A1 for m = 1 ≤ l. If l = m = 1 and p = 2, then
M0 ∈ A1 and M1 ∈ A2.
If p > 2, then Φ(Mij) = 〈a
pcip, bpcjp, ap
l
c−jp〉. We discuss the value of m and l.
If m = 2 and l > 1, then Φ(Mij) = 〈a
pcip, bpcjp, c−jp〉. In this case, Φ(G) = Φ(Mij)
if and only if (j, p) = 1 and G has 2p A2-subgroups Mi and Mi0. Hence (µ0, µ1, µ2) =
(1, p2 − p, 2p).
If m = 2 and l = 1, then Φ(Mij) = 〈a
pcip, bpcjp, c(i+j)p〉. In this case, Φ(G) =
Φ(Mij) if and only if (i + j, p) = 1 and G has 2p A2-subgroups Mi and Mij where
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i+ j = p. Hence (µ0, µ1, µ2) = (1, p
2 − p, 2p).
If m = 1 and l > 1, then Φ(Mij) = 〈a
pcip, cjp〉. In this case, Φ(G) = Φ(Mij) if and
only if (j, p) = 1 and G has p A2-subgroups Mi0. Hence (µ0, µ1, µ2) = (1, p
2, p).
If l = m = 1,then Φ(Mij) = 〈a
pcip, cjp, apc−jp〉 = 〈ap, cip, cjp〉. In this case, Φ(G) =
Φ(Mij) if and only if (i, p) = 1 or (j, p) = 1, and G has a unique A2-subgroup M00.
Hence (µ0, µ1, µ2) = (1, p
2 + p− 1, 1).
If p = 2, then Φ(Mij) = 〈a
2, b2c2j , a2
l
c−2j〉 = 〈a2, b2, c−2j〉. In this case, Φ(G) =
Φ(Mij) if and only if (j, 2) = 1 and Mi0 ∈ A2. Hence (µ0, µ1, µ2) = (1, p
2 − p, 2p) for
m = 2, (µ0, µ1, µ2) = (1, p
2, p) for m = 1 < l, and (µ0, µ1, µ2) = (1, p
2 − 1, p + 1) for
l = m = 1.
Subcase 9. G is the group (B14).
By calculations, Φ(G) = 〈ap, bp, cp〉. If p > 2, then Φ(Mi) = 〈a
pbip, cp, bp
m
〉. Hence
Mi ∈ A2 for m = 2 and Mi ∈ A1 for m = 1. If p = 2, then Φ(Mi) = 〈a
2b2iai2
l
, c2, b2
m
〉.
Hence Mi ∈ A2 for m = 2 and Mi ∈ A1 for m = 1 ≤ l. If l = m = 1 and p = 2, then
M0 ∈ A1 and M1 ∈ A2.
If p > 2, then Φ(Mij) = 〈a
pcip, bpcjp, ap
l
b−jp
m
〉. We discuss the value of m and l.
If n = 1, then Φ(Mij) = 〈a
p, bp〉 = Φ(G) and hence Φ(Mij) ∈ A1. Since max{m,n} =
2, m = 2. Hence (µ0, µ1, µ2) = (1, p
2, p).
If m = n = 2, then l = 1 since min{l,m, n} = 1. Notice that Φ(Mij) =
〈cip, bpcjp, ap〉. In this case, Φ(G) = Φ(Mij) if and only if (i, p) = 1 and G has 2p
A2-subgroups Mi and M0j . Hence (µ0, µ1, µ2) = (1, p
2 − p, 2p).
If n = 2 and l = m = 1, then Φ(Mij) = 〈a
pcip, bpcjp, apb−jp〉. In this case, Φ(G) =
Φ(Mij) if and only if j
2 − i 6= 0 and G has p A2-subgroups Mij where i = j
2. Hence
(µ0, µ1, µ2) = (1, p
2, p).
If n = 2 and m = 1 < l, then Φ(Mij) = 〈a
pcip, bpcjp, b−jp〉. In this case, Φ(G) =
Φ(Mij) if and only if (j, p) = 1 and G has p A2-subgroups Mi0. Hence (µ0, µ1, µ2) =
(1, p2, p).
If p = 2, then Φ(Mij) = 〈a
2c2ibi2
m
, b2c2j , a2
l
b−j2
m
〉. We discuss the value of m and
l.
If n = 1, then Φ(Mij) = 〈a
2, b2〉 = Φ(G) and hence Φ(Mij) ∈ A1. Since max{m,n} =
2, m = 2. Hence (µ0, µ1, µ2) = (1, p
2, p).
If m = n = 2, then l = 1 since min{l,m, n} = 1. Notice that Φ(Mij) =
〈c2i, b2c2j , a2〉. In this case, Φ(G) = Φ(Mij) if and only if (i, 2) = 1 and G has 2p
A2-subgroups Mi and M0j . Hence (µ0, µ1, µ2) = (1, p
2 − p, 2p).
If n = 2 and l = m = 1, then Φ(Mij) = 〈a
2c2ib2i, b2c2j , a2b2j〉. In this case,
Φ(G) = Φ(Mij) if and only if i = 1 or j = 1, and G has 2 A2-subgroups M1 and M00.
Hence (µ0, µ1, µ2) = (1, p
2, p).
If n = 2 and m = 1 < l, then Φ(Mij) = 〈a
2c2ib2i, b2c2j , b−2j〉. In this case,
Φ(G) = Φ(Mij) if and only if (j, 2) = 1 and G has 2 A2-subgroups Mi0. Hence
(µ0, µ1, µ2) = (1, p
2, p).
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Subcase 10. G is the group (B15).
By calculations, Φ(G) = 〈a2, b2, c2〉, M0 = 〈c, a〉× 〈b
2〉 ∈ A2 and M1 = 〈c, ab〉 ∈ A1.
Since Φ(Mij) = 〈a
2(1+i), b2c2j , c2(1+j)a2j〉, Φ(G) = Φ(Mij) if and only if i = j = 0.
Hence G has 4 A2-subgroups M0 and Mij where i 6= 0 or j 6= 0, and (µ0, µ1, µ2) =
(1, 2, 4).
Subcase 11. G is the group (B16).
By calculations, Φ(G) = 〈a2, b2〉, Mi = 〈c, ab
i〉 × 〈b2〉 ∈ A2. Since Φ(Mij) =
〈a2 = c2, b2c2j , b2a2j〉 = Φ(G), Mij ∈ A1. Hence G has p A2-subgroups Mi and
(µ0, µ1, µ2) = (1, p
2, p).
Subcase 12. G is the group (B17).
By calculations, Φ(G) = 〈ap, cp, x〉 and Mi = 〈ab
i, c〉 × 〈x〉 ∈ A2.
If p > 2, then Φ(Mij) = 〈a
pcip, cjp, xc−jp〉 = 〈apcip, cjp, x〉. In this case, Φ(G) =
Φ(Mij) if and only if (j, p) = 1 and G has 2p A2-subgroups Mi and Mi0. Hence
(µ0, µ1, µ2) = (1, p
2 − p, 2p).
If p = 2, then Φ(Mij) = 〈a
2, c2j , xc2j〉 = 〈a2, c2j , x〉. In this case, Φ(G) = Φ(Mij)
if and only if (j, 2) = 1 and G has 4 A2-subgroups Mi and Mi0. Hence (µ0, µ1, µ2) =
(1, p2 − p, 2p).
Subcase 13. G is the group (B18).
If l = 1 and m = 2, then p > 2 and Φ(G) = 〈bp, cp, x〉. In addition, Φ(Mi) =
〈bip, cp, x〉 and Φ(Mij) = 〈c
ip, bpcjp, cpx−j〉. In this case, Φ(Mi) = Φ(G) if and only if
(i, p) = 1, and Φ(Mij) = Φ(G) if and only if (i, p) = 1 and (j, p) = 1. Hence G has 2p
A2-subgroups M0, M0j and Mi0, and (µ0, µ1, µ2) = (1, p
2 − p, 2p).
If l = m = 1, then p > 2 and Φ(G) = 〈cp, x〉. Since Φ(Mi) = 〈c
p, x〉 = Φ(G),
Mi ∈ A1. Since Φ(Mij) = 〈c
ip, cjp, cpx−j〉, Φ(Mij) = Φ(G) if and only if (j, p) = 1.
Hence G has p A2-subgroups Mi0, and (µ0, µ1, µ2) = (1, p
2, p).
If l > 1, then m = 1 since min{l,m} = 1. In this case, Φ(G) = 〈ap, cp, x〉. In
addition, if p > 2, then Φ(Mi) = 〈a
p, cp, x〉 and Φ(Mij) = 〈a
pcip, cjp, cpx−j〉. In this
case, Mi ∈ A1 and Φ(Mij) = Φ(G) if and only if (j, p) = 1. Hence G has p A2-
subgroups Mi0 and (µ0, µ1, µ2) = (1, p
2, p); if p = 2, then Φ(Mi) = 〈a
2c2i, c2, x〉 and
Φ(Mij) = 〈a
2c2ixi, c2j , c2xj〉. In this case, Mi ∈ A1 and Φ(Mij) = Φ(G) if and only if
(j, 2) = 1. Hence G has 2 A2-subgroups Mi0 and (µ0, µ1, µ2) = (1, p
2, p).
Subcase 14. G is the group (B19).
If m = 2, then Φ(G) = 〈ap, bp, x〉. In addition, if p > 2, then Φ(Mi) = 〈a
pbip, x〉 and
Φ(Mij) = 〈a
p, bp, ap
l
x−j〉. In this case, Φ(Mi) ∈ A2 and Φ(Mij) = Φ(G) if and only
(j, p) = 1. Hence G has 2p A2-subgroupsMi and Mi0, and (µ0, µ1, µ2) = (1, p
2−p, 2p);
if p = 2, then Φ(Mi) = 〈a
2b2iai2
l
, x〉 and Φ(Mij) = 〈a
2xi, b2, a2
l
x−j〉. In this case,
Φ(Mi) ∈ A2. Φ(Mij) = Φ(G) if and only (j, 2) = 1 for l > 1. Hence G has 2p
A2-subgroups Mi and Mi0 for l > 1. Φ(Mij) = Φ(G) if and only i 6= j for l = 1.
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Hence G has 2p A2-subgroups Mi and Mij where i 6= j for l > 1. In summary,
(µ0, µ1, µ2) = (1, p
2 − p, 2p).
If l = m = 1, then Φ(G) = 〈ap, x〉. In addition, if p > 2, then Φ(Mi) = 〈a
p, x〉
and Φ(Mij) = 〈a
p, apx−j〉. In this case, Φ(Mi) ∈ A1 and Φ(Mij) = Φ(G) if and only
(j, p) = 1. Hence G has p A2-subgroupsMi0, and (µ0, µ1, µ2) = (1, p
2, p); if p = 2, then
Φ(Mi) = 〈a
2ai2, x〉 and Φ(Mij) = 〈a
2xi, a2x−j〉. In this case, Φ(M0) ∈ A1, Φ(M1) ∈ A2
and Φ(Mij) = Φ(G) if and only i 6= j. Hence G has p + 1 A2-subgroups M1 and Mij
where i 6= j, and (µ0, µ1, µ2) = (1, p
2 − 1, p + 1).
If l > 1 = m, then Φ(G) = 〈ap, x〉. In addition, if p > 2, then Φ(Mi) = 〈a
p, x〉
and Φ(Mij) = 〈a
p, ap
l
x−j〉. In this case, Φ(Mi) ∈ A1 and Φ(Mij) = Φ(G) if and only
(j, p) = 1. Hence G has p A2-subgroups Mi0, and (µ0, µ1, µ2) = (1, p
2, p); if p = 2,
then Φ(Mi) = 〈a
2ai2
l
, x〉 and Φ(Mij) = 〈a
2xi, a2
l
x−j〉. In this case, Φ(Mi) ∈ A1
and Φ(Mij) = Φ(G) if and only (j, 2) = 1. Hence G has p A2-subgroups Mi0, and
(µ0, µ1, µ2) = (1, p
2, p).
Subcase 15. G is the group (B20).
By calculations, Φ(G) = 〈a2 = c2, x〉, M0 = 〈a, c〉 × 〈x〉 ∈ A2, and M1 = 〈ab, c〉 ∈
A1. Since Φ(Mij) = 〈a
2, c2j , xc2j〉 = 〈a2, x〉 = Φ(G), Mij ∈ A1. Hence (µ0, µ1, µ2) =
(1, p2 + p− 1, 1).
To sum up, we get the Table 3. 
Lemma 4.3. Suppose that G is a finite p-group such that Φ(G′) = 1, C2p
∼= G3 ≤ Z(G)
and G/G3 ∼=Mp(1, 1, 1), where p ≥ 3. Let G = 〈a, b, c;x, y〉 such that
ap = xw11yw12 , bp = xw21yw22 , cp = xp = yp = 1, [a, b] = c, [c, a] = x, [c, b] = y,
N = 〈c, b, x, y〉 and Mi = 〈ab
i, c, x, y〉. Then N and Mi are all maximal subgroups of
G, and the following conclusions hold:
(1) N ∈ A2 if and only if w21 = 0;
(2) If p > 3, then Mi ∈ A2 if and only if w12 + i(w22 − w11)− i
2w21 = 0;
(3) If p = 3, then Mi ∈ A2 if and only if w12 + i(w22 − w11)− i
2w21 − i
2 = 0;
(4) α1(G) = µ1 + µ2p
2.
Proof If w21 = 0, then N = 〈c, b〉 × 〈x〉 ∈ A2. If w21 6= 0, then N = 〈c, b〉 ∈ A1.
Hence (1) holds.
It is easy to see that Mi ∈ A2 if and only if 〈(ab
i)p〉 = 〈[c, abi]〉 = 〈xyi〉.
If p > 3, then (abi)p = apbip = xw11+iw21yw12+iw22 . Hence Mi ∈ A2 if and only if
w12 + iw22 = i(w11 + iw21). The later is w12 + i(w22 − w11) − i
2w21 = 0. Hence (2)
holds.
If p = 3, then (abi)3 = a3b3i[a, b−i, a][a, b−i, b−i] = xw11+iw21−iyw12+iw22+i
2
. Hence
Mi ∈ A2 if and only if w12 + iw22 + i
2 = i(w11 + iw21 − i). The later is w12 + i(w22 −
w11)− i
2w21 − i
2 = 0. Hence (3) holds.
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Let M ∈ Γ1. Then, by above argument, |M
′| = p. If M ∈ A2, then, by Lemma 2.6
(7), α1(M) = p
2. By Hall’s enumeration principle, α1(G) =
∑
H∈Γ1
α1(H) = µ1+p
2µ2.
Hence (4) holds. 
Theorem 4.4. G has no abelian subgroup of index p, G has at least two distinct A1-
subgroups of index p and d(G) = 2 if and only if G is isomorphic to one of the following
pairwise non-isomorphic groups:
(Ci) c(G) = 3 and G′ ∼= C22 . In this case, (µ0, µ1, µ2) = (0, 2, 1) and α1(G) = 6.
(C1) 〈a, b; c, d
∣∣ a4 = b2 = c2 = d2 = 1, [a, b] = c, [c, a] = d, [c, b] = [d, a] = [d, b] =
1〉; where |G| = 25, Φ(G) = 〈a2, c, d〉 ∼= C32 , G
′ = 〈c, d〉 and Z(G) = 〈d〉 ∼=
C2.
(C2) 〈a, b; c
∣∣ a8 = b2 = c2 = 1, [a, b] = c, [c, a] = a4, [c, b] = 1〉; where |G| = 25,
Φ(G) = 〈a2, c〉 ∼= C4 × C2, G
′ = 〈c, a4〉 and Z(G) = 〈a4〉 ∼= C2.
(C3) 〈a, b; c
∣∣ a8 = c2 = 1, b2 = a4, [a, b] = c, [c, a] = [a2, b] = b2, [c, b] = 1〉; where
|G| = 25, Φ(G) = 〈a2, c〉 ∼= C4 × C2, G
′ = 〈c, a4〉 and Z(G) = 〈a4〉 ∼= C2.
(C4) 〈a, b; c
∣∣ a2n+1 = b2 = c2 = 1, [a, b] = c, [c, a] = a2n , [c, b] = 1〉, where
n ≥ 3; moreover, |G| = 2n+3, Φ(G) = 〈a2, c〉 ∼= C2n × C2, G
′ = 〈c, a2
n
〉 and
Z(G) = 〈a4〉 ∼= C2n−1 .
(C5) 〈a, b; c
∣∣ a2n = b4 = c2 = 1, [a, b] = c, [c, a] = b2, [c, b] = 1〉, where n ≥ 3;
moreover, |G| = 2n+3, Φ(G) = 〈a2, b2, c〉 ∼= C2n−1 × C2 × C2, G
′ = 〈c, b2〉
and Z(G) = 〈a4, b2〉 ∼= C2n−2 × C2.
(C6) 〈a, b; c, d
∣∣ a2n = b2 = c2 = d2 = 1, [a, b] = c, [c, a] = d, [c, b] = 1, [d, a] =
[d, b] = 1〉, where n ≥ 3; moreover, |G| = 2n+3, Φ(G) = 〈a2, c, d〉 ∼= C2n−1 ×
C2 × C2, G
′ = 〈c, d〉 and Z(G) = 〈a4, d〉 ∼= C2n−2 × C2.
(Cii) Φ(G′) ≤ G3 ∼= C
2
p .
(C7) 〈a, b; c, d, e
∣∣ a3 = b3 = c3 = d3 = e3 = 1, [a, b] = c, [c, a] = d, [c, b] =
e, [d, a] = [d, b] = [e, a] = [e, b] = 1〉, where |G| = 35, Φ(G) = G′ = 〈c, d, e〉
and Z(G) = 〈d, e〉 ∼= C23 .
(C8) 〈a, b; c, d
∣∣ a9 = c3 = d3 = 1, b3 = a3, [a, b] = c, [c, a] = d, [c, b] = a3, [d, a] =
[d, b] = 1〉; where |G| = 35, Φ(G) = G′ = 〈a3, c, d〉, Z(G) = 〈a3, d〉 ∼= C23 .
(C9) 〈a, b; c, d
∣∣ a9 = b3 = c3 = d3 = 1, [a, b] = c, [c, a] = d, [c, b] = a−3, [d, a] =
[d, b] = 1〉; where |G| = 35, Φ(G) = G′ = 〈a3, c, d〉 and Z(G) = 〈a3, d〉 ∼= C23 .
(C10) 〈a, b; c
∣∣ a9 = b9 = c3 = 1, [a, b] = c, [c, a] = a3, [c, b] = b3〉; where |G| = 35,
Φ(G) = G′ = 〈a3, b3, c〉 and Z(G) = 〈a3, b3〉 ∼= C23 .
(C11) 〈a, b, c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a] = apbνp, [c, b] = bp〉, where p > 3,
ν = 1 or a fixed quadratic non-residue modular p; moreover, |G| = p5,
Φ(G) = G′ = 〈ap, bp, c〉 and Z(G) = 〈ap, bp〉 ∼= C2p .
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(C12) 〈a, b, c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a] = bνp, [c, b] = a−p, [ap, b] = 1〉,
where p > 3, ν = 1 or a fixed quadratic non-residue modular p such that −ν ∈
F 2p ; moreover, |G| = p
5, Φ(G) = G′ = 〈ap, bp, c〉 and Z(G) = 〈ap, bp〉 ∼= C2p .
(C13) 〈a, b, c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a]1+r = apbp, [c, b]1+r = a−rpbp, [ap, b] =
1〉, where p > 3, r 6= 0,−1 and −r ∈ (F ∗p )
2; moreover, |G| = p5, Φ(G) =
G′ = 〈ap, bp, c〉 and Z(G) = 〈ap, bp〉 ∼= C2p .
(C14) 〈a, b; c, d
∣∣ ap2 = bp = cp = dp = 1, [a, b] = c, [c, a] = ap, [c, b] = d〉, where
p > 3; moreover, |G| = p5, Φ(G) = G′ = 〈ap, c, d〉 and Z(G) = 〈ap, d〉 ∼= C2p .
(C15) 〈a, b; c, d
∣∣ ap = bp2 = cp = dp = 1, [a, b] = c, [c, a] = bνp, [c, b] = d, [d, a] =
[d, b] = 1〉, where p > 3, ν = 1 or a fixed quadratic non-residue modulo p;
moreover, |G| = p5, Φ(G) = G′ = 〈bp, c, d〉 and Z(G) = 〈bp, d〉 ∼= C2p .
(C16) 〈a, b; c
∣∣ a8 = c4 = 1, b2 = a4, [a, b] = c, [c, a] = a4, [c, b] = c2〉; where
|G| = 26, Φ(G) = 〈a2, c〉 ∼= C24 , G
′ = 〈c, a4〉 and Z(G) = 〈a4, c2〉 ∼= C22 .
(C17) 〈a, b; c
∣∣ ap3 = bp2 = cp = 1, [a, b] = c, [c, a] = bν1p, [c, b] = a−ν2p2〉, where
p ≥ 3, and ν1, ν2 = 1 or a fixed quadratic non-residue modulo p; moreover,
|G| = p6, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp × Cp, G
′ = 〈c, ap
2
, bp〉 and Z(G) =
〈ap, bp〉 ∼= Cp2 × Cp.
Moreover, Table 4 gives (µ0, µ1, µ2) and α1(G) for the groups (C7)–(C17).
(µ0, µ1, µ2) α1(G) types of A3 groups
(0, p− 1, 2) 2p2 + p− 1 (C7); (C10); (C12)–(C14)
(0, p, 1) p2 + p (C8)–(C9); (C11); (C15);(C17)
(0, p, 1) p2 + 2p (C16)
Table 4: The enumeration of (C7)–(C17)
Proof Let A and B be two distinct A1-subgroups of index p. Then |A
′| = |B′| = p
and hence A′B′ ≤ Z(G). Let G¯ = G/A′B′. Then G¯ has two abelian subgroups A¯ and
B¯ of index p. By Lemma 2.7, G¯ has 1 + p abelian subgroups. Since d(G¯) = 2, G¯ is an
A1-group. It is easy to see that A
′B′ = Φ(G′)G3. If G¯ is metacyclic, then G is also
metacyclic by Lemma 2.1 and hence A′ = B′. It follows that |G′| = p2. by Lemma 3.1,
G is an A2-group. This contradicts that G is an A3-group. Thus G¯ is a non-metacyclic
A1-group.
If G′ ∼= Cp2 , then G3 ≤ Φ(G
′) ∼= Cp. Thus G is one of the groups listed in [3,
Theorem 3.5]. By [3, Theorem 3.6] we get no group.
If G′ ∼= C2p , then G is one of the groups listed in [3, Theorem 4.6]. By [3, Theorem
4.7] we get groups (C1)–(C6).
If G3 ∼= Cp and Φ(G
′)G3 ∼= C
2
p , then, by [3, Theorem 5.1, 5.2, 5.5 & 5.6], we get no
group.
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If Φ(G′) ≤ G3 ∼= C
2
p , then G is one of the groups listed in [3, Theorem 6.5]. By [3,
Theorem 6.1], we get the groups (C7)–(C17).
Table 5 gives the correspondence from Theorem 4.4 to [3, Theorem 4.6 & 6.5].
Groups Groups in [3, Theorem 4.6] Groups Groups in [3, Theorem 6.5]
(C1) (H1) (C7) (O1)
(C2) (H2) (C8) (O3)
(C3) (H3) (C9) (O4)
(C4) (I1) (C10) (O5)
(C5) (I2) (C11) (P2) where n = 1
(C6) (I3) (C12) (P3) where n = 1 and −ν ∈ F 2p
(C13) (P4) where n = 1 and −r ∈ (F ∗p )
2
(C14) (P8) where n = 1
(C15) (P9) where n = 1
(C16) (R4)
(C17) (S2) where n = 2
Table 5: The correspondence from Theorem 4.4 to [3, Theorem 4.6 & 6.5]
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 4.4 as follows.
Since d(G) = 2, G has 1+p maximal subgroups. For any A3-group, we always have
µ2 ≥ 1. By the hypothesis of Theorem 4.4, µ0 = 0 and µ1 ≥ 2.
Case 1. c(G) = 3 and G′ ∼= C22 . That is , G is one of the groups (C1)–(C6).
Obviously, (µ0, µ1, µ2) = (0, 2, 1). Let M ∈ Γ1. If M is the unique A2-subgroup,
then |M ′| = p. By Lemma 2.6, α1(M) = p
2 = 4. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ1 + 4µ2 = 6.
Case 2. G is one of the groups (C7)–(C15).
In this case, p ≥ 3, Φ(G′) = 1, G3 ∼= C
2
p , G3 ≤ Z(G) and G/G3
∼= Mp(1, 1, 1).
G = 〈a, b, c;x, y〉 such that
ap = xw11yw12 , bp = xw21yw22 , cp = xp = yp = 1, [a, b] = c, [c, a] = x, [c, b] = y.
Let N = 〈c, b, x, y〉 and Mi = 〈ab
i, c, x, y〉. Then N and Mi are all maximal subgroups
of G. Let w(G) =
(
w11 w12
w21 w22
)
.
If G is the group (C7), then p = 3 and w(G) =
(
0 0
0 0
)
. By Lemma 4.3, N ∈ A2
and Mi ∈ A2 if and only if i = 0. Hence (µ0, µ1, µ2) = (0, p − 1, 2) and α1(G) =
2p2 + p− 1.
If G is the group (C8), then p = 3 and w(G) =
(
0 1
0 1
)
. By Lemma 4.3, N ∈ A2
and Mi ∈ A1. Hence (µ0, µ1, µ2) = (0, p, 1) and α1(G) = p
2 + p.
If G is the group (C9), then p = 3 and w(G) =
(
0 −1
0 0
)
. By Lemma 4.3, N ∈ A2
and Mi ∈ A1. Hence (µ0, µ1, µ2) = (0, p, 1) and α1(G) = p
2 + p.
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If G is the group (C10), then p = 3 and w(G) =
(
1 0
0 1
)
. By Lemma 4.3,
N ∈ A2 and Mi ∈ A2 if and only if i = 0. Hence (µ0, µ1, µ2) = (0, p − 1, 2) and
α1(G) = 2p
2 + p− 1.
If G is the group (C11), then p > 3 and w(G) =
(
1 −ν
0 1
)
. By Lemma 4.3,
N ∈ A2 and Mi ∈ A1. Hence (µ0, µ1, µ2) = (0, p, 1) and α1(G) = p
2 + p.
If G is the group (C12), then p > 3 and w(G) =
(
0 −1
ν−1 0
)
. By Lemma 4.3,
N ∈ A1 and Mi ∈ A2 if and only if i
2 = −ν. Hence (µ0, µ1, µ2) = (0, p − 1, 2) and
α1(G) = 2p
2 + p− 1.
If G is the group (C13), then p > 3 and w(G) =
(
1 −1
r 1
)
. By Lemma 4.3,
N ∈ A1 and Mi ∈ A2 if and only if i
2 = −r−1. Hence (µ0, µ1, µ2) = (0, p − 1, 2) and
α1(G) = 2p
2 + p− 1.
If G is the group (C14), then p > 3 and w(G) =
(
1 0
0 0
)
. By Lemma 4.3,
N ∈ A2 and Mi ∈ A2 if and only if i = 0. Hence (µ0, µ1, µ2) = (0, p − 1, 2) and
α1(G) = 2p
2 + p− 1.
If G is the group (C15), then p > 3 and w(G) =
(
0 0
ν−1 0
)
. By Lemma 4.3, N ∈
A1 and Mi ∈ A2 if and only if i = 0. Hence (µ0, µ1, µ2) = (0, p, 1) and α1(G) = p
2 + p.
Case 3. G is the group (C16).
It is obvious that (µ0, µ1, µ2) = (0, 2, 1) = (0, p, 1). The unique A2-subgroup of
index p is M = 〈c, b, a2〉, where d(M) = 3 and |M ′| = 4. Notice that α1(M) = p
2+p =
6. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ1 + (p
2 + p)µ2 = p
2 + 2p = 8.
Case 4. G is the group (C17).
Let N = 〈c, b, ap, bp〉 and Mi = 〈c, ab
i, ap, bp〉. Then N and Mi are all maximal
subgroups of G. Since N = 〈c, b〉 ∗ 〈ap〉, N ∈ A2 with d(N) = 3 and |N
′| = p. By
Lemma 2.6 (7), α1(N) = p
2. Since Mi = 〈c, ab
i〉 and |M ′i | = p, Mi ∈ A1. Hence
(µ0, µ1, µ2) = (0, p, 1) and, by Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ1 + p
2µ2 = p
2 + p.
To sum up, we get the Table 4. 
Lemma 4.5. Suppose that G is an A3-group with d(G) = 3, Φ(G) = Z(G) and G
′ ∼=
C3p . Then we may assume that G = 〈a1, a2, a3;x, y, z〉 with
x = [a2, a3], y = [a3, a1], z = [a1, a2], x
p = yp = zp = 1, ap
mi
i = x
wi1ywi2zwi3 , i = 1, 2, 3.
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Let M = 〈a2, a3,Φ(G)〉, Mi = 〈a1a
i
2, a3,Φ(G)〉 and Mij = 〈a1a
i
3, a2a
j
3,Φ(G)〉, where
0 ≤ i, j ≤ p − 1. Then M , Mi and Mij are all maximal subgroups of G, and the
following conclusions hold:
(1) If m1 = 2, m2 = m3 = 1 and a
p2
1 = x, then M ∈ A2, Mi ∈ A2 if and only if
w33 = 0, and Mij ∈ A2 if and only if w22 + j(w23 + w32) + j
2w33 = 0;
(2) If m1 = m2 = 2, m3 = 1, a
p
3 = z and w13 = w23 = 0, then M ∈ A2, Mi ∈ A2,
and Mij ∈ A2 if and only if w11w22 − w12w21 = 0;
(3) If m1 = m2 = m3 = 1 and p > 2, then M ∈ A2 if and only if
∣∣∣∣ w22 w23w32 w33
∣∣∣∣ = 0,
Mi ∈ A2 if and only if
∣∣∣∣ i −1 0w11 + iw21 w12 + iw22 w13 + iw23
w31 w32 w33
∣∣∣∣ = 0, and Mij ∈ A2 if and
only if
∣∣∣∣ −i −j 1w11 + iw31 w12 + iw32 w13 + iw33
w21 + jw31 w22 + jw32 w23 + jw33
∣∣∣∣ = 0;
(4) If m1 = m2 = m3 = 1 and p = 2, then M ∈ A2 if and only if
∣∣∣∣ w22 w23w32 w33
∣∣∣∣ = 0,
Mi ∈ A2 if and only if
∣∣∣∣ i 1 0w11 + iw21 w12 + iw22 w13 + iw23 + i
w31 w32 w33
∣∣∣∣ = 0, and Mij ∈ A2 if and
only if
∣∣∣∣ i j 1w11 + iw31 w12 + iw32 + i w13 + iw33
w21 + jw31 + j w22 + jw32 w23 + jw33
∣∣∣∣ = 0.
Proof Since G ∈ A3, any maximal subgroup is either A1-group or A2-group. Let
H ∈ Γ1(G). Then |H
′| = p. If d(H) = 2, then, by Lemma 2.2, H ∈ A1. Since
Φ(H) ≤ Φ(G), we get that H ∈ A1 if and only if Φ(G) = Φ(H).
(1) Ifm1 = 2,m2 = m3 = 1 and a
p2
1 = x, then it is obvious thatM = 〈a2, a3〉∗〈a1〉 ∈
A2. Since x = (a1a
i
2)
p2 ∈ Φ(Mi) and y = [a3, a1a
i
2]x
i ∈ Φ(Mi), Φ(Mi) = Φ(G) if and
only if ap3 6∈ 〈x, y〉. Hence Mi ∈ A2 if and only if w33 = 0. Similar reason gives that
Mij ∈ A1 if and only if (a2a
j
3)
p 6∈ 〈x, [a1a
i
3, a2a
j
3]〉 = 〈x, y
−jz〉. Hence Mij ∈ A2 if and
only if
∣∣∣∣ 1 0 00 −j 1
∗ w22 + jw32 w23 + jw33
∣∣∣∣ = 0. The later is, w22 + j(w23 + w32) + j2w33 = 0.
(2) If m1 = m2 = 2, m3 = 1, a
p
3 = z and w13 = w23 = 0, then it is obvious
that ap1 6∈ 〈a2, a3〉 and 〈a
p
1, a
p
2〉 6≤ 〈a1a
i
2, a3〉. Hence M ∈ A2 and Mi ∈ A2. Since
(a1a
i
3)
p2 = ap
2
1 = x
w11yw12 and (a2a
j
3)
p2 = ap
2
2 = x
w21yw22 and [a1a
i
2, a2a
j
3] 6∈ 〈x, y〉
Mij ∈ A1 if and only if
∣∣∣∣ w11 w12w21 w22
∣∣∣∣ = 0. The later is, w11w22 − w12w21 = 0.
(3) If m1 = m2 = m3 = 1 and p > 2, then M ∈ A1 if and only if 〈a
p
2, a
p
3, [a2, a3]〉 =
G′. The later is
∣∣∣∣ w21 w22 w23w31 w32 w33
1 0 0
∣∣∣∣ 6= 0. Hence M ∈ A2 if and only if
∣∣∣∣ w22 w23w32 w33
∣∣∣∣ = 0.
Similar arguments give thatMi ∈ A2 if and only if
∣∣∣∣ i −1 0w11 + iw21 w12 + iw22 w13 + iw23
w31 w32 w33
∣∣∣∣ =
0, and Mij ∈ A2 if and only if
∣∣∣∣ −i −j 1w11 + iw31 w12 + iw32 w13 + iw33
w21 + jw31 w22 + jw32 w23 + jw33
∣∣∣∣ = 0.
(4) It follows from similar arguments as (3). The details are omitted. 
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Theorem 4.6. G has no abelian subgroup of index p, G has at least two distinct A1-
subgroups of index p and d(G) = 3 if and only if G is isomorphic to one of the following
pairwise non-isomorphic groups:
(Di) The type of G/G′ is (p2, p, p).
(D1) 〈a, b, c
∣∣ ap3 = bp2 = cp2 = 1, [b, c] = ap2 , [c, a] = c−p, [a, b] = bpcνp〉, where
p > 2 and ν = 1 or a fixed quadratic non-residue modulo p; moreover, |G| =
p7, Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cp2 ×Cp ×Cp and G
′ = 〈ap
2
, bp, cp〉 ∼= C3p .
(D2) 〈a, b, c
∣∣ ap3 = bp2 = cp2 = 1, [b, c] = ap2 , [c, a] = bp, [a, b] = cνp〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modulo p; moreover, |G| = p7,
Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cp2 × Cp × Cp and G
′ = 〈ap
2
, bp, cp〉 ∼= C3p .
(D3) 〈a, b, c
∣∣ ap3 = bp2 = cp2 = 1, [b, c] = ap2 , [c, a]1+r = brpc−p, [a, b]1+r = bpcp〉,
where p > 2, r = 1, 2, . . . , p− 2; moreover, |G| = p7, Φ(G) = Z(G) =
〈ap, bp, cp〉 ∼= Cp2 × Cp × Cp and G
′ = 〈ap
2
, bp, cp〉 ∼= C3p .
(D4) 〈a, b, c
∣∣ a8 = b4 = c4 = 1, [b, c] = a4, [c, a] = b2, [a, b] = c2〉; where |G| = 27,
Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C4 × C2 × C2 and G
′ = 〈a4, b2, c2〉 ∼= C32 .
(D5) 〈a, b, c
∣∣ a8 = b4 = c4 = 1, [b, c] = a4, [c, a] = b2, [a, b] = b2c2〉, where |G| =
27, Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C4 × C2 × C2 and G
′ = 〈a4, b2, c2〉 ∼= C32 .
(Dii) The type of G/G′ is (p2, p2, p).
(D6) 〈a, b, c
∣∣ ap3 = bp3 = cp2 = 1, [b, c] = ap2 , [c, a] = bνp2 , [a, b] = cp〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modulo p such that −ν 6∈ (Fp)
2;
moreover, |G| = p8, Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cp2 × Cp2 × Cp and
G′ = 〈ap
2
, bp
2
, cp〉 ∼= C3p .
(D7) 〈a, b, c
∣∣ ap3 = bp3 = cp2 = 1, [b, c]1+r = arp2bp2 , [c, a]1+r = a−p2bp2 , [a, b] =
cp〉, where p > 2, r = 1, 2, . . . , p−2 such that −r 6∈ (Fp)
2; moreover, |G| = p8,
Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cp2 × Cp2 × Cp and G
′ = 〈ap
2
, bp
2
, cp〉 ∼= C3p .
(D8) 〈a, b, c
∣∣ a8 = b8 = c4 = 1, [b, c] = a4b4, [c, a] = b4, [a, b] = c2〉; where |G| =
28, Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C4 × C4 × C2 and G
′ = 〈a4, b4, c2〉 ∼= C32 .
(Diii) The type of G/G′ is (p, p, p) where p > 2.
(D9) 〈a, b, c
∣∣ ap2 = bp2 = cp2 = 1, [b, c] = ap, [c, a] = bp, [a, b] = cp〉; where
|G| = p6, Φ(G) = Z(G) = G′ = 〈ap, bp, cp〉 ∼= C3p .
(D10) 〈a, b, c
∣∣ ap2 = bp2 = cp2 = 1, [b, c] = ap, [c, a] = c−p, [a, b] = bp〉; where
|G| = p6, Φ(G) = Z(G) = G′ = 〈ap, bp, cp〉 ∼= C3p .
(D11) 〈a, b, c
∣∣ ap2 = bp2 = cp2 = 1, [b, c] = ap, [c, a] = c−p, [a, b] = bpcνp〉, where
ν = 1 or is a fixed quadratic non-residue modulo p; moreover, |G| = p6,
Φ(G) = Z(G) = G′ = 〈ap, bp, cp〉 ∼= C3p .
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(D12) 〈a, b, c
∣∣ ap2 = bp2 = cp2 = 1, [b, c] = ap, [c, a]1+r = brpc−p, [a, b]1+r = bpcp〉,
where r = 1, 2, . . . , p − 2. Moreover, |G| = p6, Φ(G) = Z(G) = G′ =
〈ap, bp, cp〉 ∼= C3p .
(D13) 〈a, b, c
∣∣ ap2 = bp2 = cp2 = 1, [b, c] = a−pbpcp, [c, a] = a−pbp, [a, b] = ap〉;
where |G| = p6, Φ(G) = Z(G) = G′ = 〈ap, bp, cp〉 ∼= C3p .
(D14) 〈a, b, c; d
∣∣ ap2 = bp2 = cp = dp = 1, [b, c] = ap, [c, a] = bνp, [a, b] = d, [d, a] =
[d, b] = [d, c] = 1〉, where p > 2, ν = 1 or a fixed quadratic non-residue
modulo p such that −ν 6∈ (Fp)
2; moreover, |G| = p6, Φ(G) = Z(G) = G′ =
〈ap, bp, d〉 ∼= C3p .
(D15) 〈a, b, c; d
∣∣ ap2 = bp2 = cp = dp = 1, [b, c] = ap, [c, a] = d, [a, b] = bp, [d, a] =
[d, b] = [d, c] = 1〉, where p > 2; moreover, |G| = p6, Φ(G) = Z(G) = G′ =
〈ap, bp, d〉 ∼= C3p .
(D16) 〈a, b, c; d
∣∣ ap = bp2 = cp2 = dp = 1, [b, c] = d, [c, a]1+r = brpc−p, [a, b]1+r =
bpcp, [d, a] = [d, b] = [d, c] = 1〉, where p > 2, r = 1, 2, . . . , p − 2 such that
−r 6∈ (Fp)
2; moreover, |G| = p6, Φ(G) = Z(G) = G′ = 〈bp, cp, d〉 ∼= C3p .
(Div) The type of G/G′ is (2, 2, 2).
(D17) 〈a, b, c; d
∣∣ a4 = b2 = c4 = d2 = 1, [b, c] = d, [c, a] = a2, [a, b] = c2, [d, a] =
[d, b] = [d, c] = 1〉; where Φ(G) = Z(G) = G′ = 〈a2, c2, d〉 ∼= C32 .
(D18) 〈a, b, c; d
∣∣ a4 = b4 = c4 = d2 = 1, [b, c] = d, [c, a] = a2, [a, b] = b2 =
c2, [d, a] = [d, b] = [d, c] = 1〉; where Φ(G) = Z(G) = G′ = 〈a2, b2, d〉 ∼= C32 .
(D19) 〈a, b, c; d
∣∣ a4 = b4 = c4 = d2 = 1, [b, c] = d, [c, a] = a2b2, [a, b] = a2 =
c2, [d, a] = [d, b] = [d, c] = 1〉; Φ(G) = Z(G) = G′ = 〈a2, b2, d〉 ∼= C32 .
Moreover, Table 6 gives (µ0, µ1, µ2) and α1(G) for the groups (D1)–(D19).
(µ0, µ1, µ2) α1(G) types of A3 groups
(0, p2, p + 1) p3 + 2p2 (D1),(D4), (D6)–(D10), (D12)–(D14), (D16)
(0, p2 + p, 1) 2p2 + p (D2) where −ν 6∈ (F∗
p
)2;(D3) where −r 6∈ (F∗
p
)2; (D5); (D11) where −ν 6∈ (F∗
p
)2;
(0, p2 − p, 2p + 1) 2p3 + 2p2 − p (D2) where −ν ∈ (F∗
p
)2; (D3) where −ν ∈ (F∗
p
)2; (D11) where −ν ∈ (F∗
p
)2; (D15)
(0, p2 − 1, p + 2) p3 + 3p2 − 1 (D17), (D18)
(0, p2 + 1, p) p3 + p2 + 1 (D19)
Table 6: The enumeration of (D1)–(D19)
Proof Let A and B be two distinct A1-subgroups of index p. By Lemma 2.15, |G
′| ≤
p|A′||B′| ≤ p3. It is easy to see that Φ(A) = Φ(B) = Φ(G). By Lemma 2.2, we have
Φ(A) = Z(A) and Φ(B) = Z(B). Since [Φ(G), A] = [Φ(G), B] = 1 and G = AB, we
have Φ(G) ≤ Z(G). Moreover, G′ ≤ C3p . If |G
′| ≤ p2, then G has an abelian subgroup
of index p, a contradiction. Now we have d(G) = 3,Φ(G) ≤ Z(G) and G′ ∼= C3p . Thus
G is one of the groups classified in [23]. Let the type of G/G′ be (pm1 , pm2 , pm3), where
m1 ≥ m2 ≥ m3. By [23, Theorem 2.7], m3 = 1. By [23, Theorem 2.8], m1 ≤ 2.
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If m1 = 2 and m2 = 1, then G is either one of the groups determined by [23,
Theorem 4.1] for p > 2 or one of the groups determined by [23, Theorem 7.1] for p = 2.
By [23, Theorem 4.3 & 7.4] , we get the groups (D1)–(D5).
If m1 = m2 = 2, then G is one of the groups determined by [23, Theorem 5.1]. By
[23, Theorem 5.2] , we get the groups (D6)–(D8).
If m1 = 1 and p > 2, then G is one of the groups determined by [23, Theorem 6.1].
By [23, Theorem 6.3], we get the groups (D9)–(D16).
If m1 = 1 and p = 2, then G is one of the groups listed in [23, Theorem 7.6]. By
[23, Theorem 7.7] , we get the groups (D17)–(D19). Table 7 gives the correspondence.
Groups
Groups in
Groups
Groups in
[23, Theorem 4.1 & 5.1 & 6.1 & 7.1 & 7.6] [23, Theorem 4.1 & 5.1 & 6.1 & 7.1 & 7.6]
(D1) (D2) where m1 = 2 and m2 = 1 (D11) (J3) where m1 = m2 = m3 = 1
(D2) (D3) where m1 = 2 and m2 = 1 (D12) (J4) where m1 = m2 = m3 = 1
(D3) (D4) where m1 = 2 and m2 = 1 (D13) (J5) where m1 = m2 = m3 = 1
(D4) (M2) where m1 = 2 (D14) (K1) where m1 = m2 = m3 = 1 and −ν 6∈ F
2
p
(D5) (M3) where m1 = 2 (D15) (K2)
(D6) (G3) where −ν 6∈ F2
p
, m1 = m2 = 2 and m3 = 1 (D16) (K6) where m1 = m2 = m3 = 1 and −r 6∈ F
2
p
(D7) (G4) where −r 6∈ F2
p
, m1 = m2 = 2 and m3 = 1 (D17) (S7)
(D8) (G7) where m1 = m2 = 2 and m3 = 1 (D18) (S8)
(D9) (J1) where m1 = m2 = m3 = 1 (D19) (S9)
(D10) (J2) where m1 = m2 = m3 = 1
Table 7: The correspondence from Theorem 4.6 to [23, Theorem 4.1,5.1,6.1,7.1 & 7.6]
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 4.6 as follows.
By Lemma 3.18, α1(G) = µ1 + p
2µ2. Hence we only need to calculate (µ0, µ1, µ2).
we may assume that G = 〈a1, a2, a3;x, y, z〉 with
x = [a2, a3], y = [a3, a1], z = [a1, a2], x
p = yp = zp = 1, ap
mi
i = x
wi1ywi2zwi3 , i = 1, 2, 3.
Let M = 〈a2, a3,Φ(G)〉, Mi = 〈a1a
i
2, a3,Φ(G)〉 and Mij = 〈a1a
i
3, a2a
j
3,Φ(G)〉, where
0 ≤ i, j ≤ p − 1. Then M , Mi and Mij are all maximal subgroups of G. Let w(G) =
(wij).
If G is the group (D1), then m1 = 2, m2 = m3 = 1 and w(G) =
(
1 0 0
0 ν 1
0 −1 0
)
. By
Lemma 4.5 (1), M ∈ A2, Mi ∈ A2 and Mij ∈ A1. Hence (µ0, µ1, µ2) = (0, p
2, p + 1)
and α1(G) = p
3 + 2p2.
If G is the group (D2), then m1 = 2, m2 = m3 = 1 and w(G) =
(
1 0 0
0 1 0
0 0 ν−1
)
.
By Lemma 4.5 (1), M ∈ A2, Mi ∈ A1 and Mij ∈ A2 if and only if j
2 = −ν. Hence
(µ0, µ1, µ2) = (0, p
2 + p, 1) for −ν 6∈ (F ∗p )
2 and (µ0, µ1, µ2) = (0, p
2 − p, 2p + 1) for
−ν ∈ (F ∗p )
2.
If G is the group (D3), then m1 = 2, m2 = m3 = 1 and w(G) =
(
1 0 0
0 1 1
0 −1 r
)
.
By Lemma 4.5 (1), M ∈ A2, Mi ∈ A1 and Mij ∈ A2 if and only if j
2 = −r−1. Hence
(µ0, µ1, µ2) = (0, p
2 + p, 1) for −r 6∈ (F ∗p )
2 and (µ0, µ1, µ2) = (0, p
2 − p, 2p + 1) for
−r ∈ (F ∗p )
2.
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If G is the group (D4), then m1 = 2, m2 = m3 = 1 and w(G) =
(
1 0 0
0 1 0
0 0 1
)
.
By Lemma 4.5 (1), M ∈ A2, Mi ∈ A1 and Mij ∈ A2 if and only if j = 1. Hence
(µ0, µ1, µ2) = (0, p
2, p + 1) and α1(G) = p
3 + 2p2.
If G is the group (D5), then m1 = 2, m2 = m3 = 1 and w(G) =
(
1 0 0
0 1 0
0 1 1
)
. By
Lemma 4.5 (1), M ∈ A2, Mi ∈ A1 and Mij ∈ A1. Hence (µ0, µ1, µ2) = (0, p
2 + p, 1)
and α1(G) = 2p
2 + p.
If G is one of the groups (D6)–(D8), then m1 = m2 = 2, m3 = 1 and w(G) =(
1 0 0
0 ν 0
0 0 1
)
,
(
1 −1 0
1 r 0
0 0 1
)
, or
(
1 1 0
0 1 0
0 0 1
)
. By Lemma 4.5 (2), M ∈ A2, Mi ∈ A2
and Mij ∈ A1. Hence (µ0, µ1, µ2) = (0, p
2, p+ 1) and α1(G) = p
3 + 2p2.
IfG is the group (D9), then p > 2 andm1 = m2 = m3 = 1 and w(G) =
(
1 0 0
0 1 0
0 0 1
)
.
By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i
2 + 1 = 0 and Mij ∈ A2 if and
only if i2 + j2 + 1 = 0.
If −1 ∈ (F ∗p )
2, then i2+1 = 0 has two solutions, and by Lemma 2.9, i2+ j2+1 = 0
has p − 1 solutions. Hence (µ0, µ1, µ2) = (0, p
2, p + 1) . If −1 6∈ (F ∗p )
2, then i2 + 1 = 0
has no solution, and by Lemma 2.9, i2 + j2 + 1 = 0 has p+ 1 solutions. Hence we also
have (µ0, µ1, µ2) = (0, p
2, p+ 1).
If G is the group (D10), then p > 2 and m1 = m2 = m3 = 1 and w(G) =(
1 0 0
0 0 1
0 −1 0
)
. By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i = 0 and
Mij ∈ A2 if and only if i = 0. Hence (µ0, µ1, µ2) = (0, p
2, p + 1).
If G is the group (D11), then p > 2 and m1 = m2 = m3 = 1 and w(G) =∣∣∣∣ 1 0 00 ν 1
0 −1 0
∣∣∣∣. By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i = 0 and Mij ∈
A2 if and only if i
2 = −ν. Hence (µ0, µ1, µ2) = (0, p
2 + p, 1) for −ν 6∈ (F ∗p )
2 and
(µ0, µ1, µ2) = (0, p
2 − p, 2p+ 1) for −ν ∈ (F ∗p )
2.
If G is the group (D12), then p > 2 and m1 = m2 = m3 = 1 and w(G) =(
1 0 0
0 1 1
0 −1 r
)
. By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i
2(r + 1) + r = 0
and Mij ∈ A2 if and only if i
2(r + 1) + rj2 + 1 = 0.
If −(r + 1)−1r ∈ (F ∗p )
2, then i2(r + 1) + r = 0 has two solutions, and by Lemma
2.9, i2(r + 1) + j2r + 1 = 0 has p − 1 solutions. Hence (µ0, µ1, µ2) = (0, p
2, p + 1).
If −(r + 1)−1r 6∈ (F ∗p )
2, then i2(r + 1) + r = 0 has no solution, and by Lemma 2.9,
i2(r+1)+j2r+1 = 0 has p+1 solutions. Hence we also have (µ0, µ1, µ2) = (0, p
2, p+1).
If G is the group (D13), then p > 2 and m1 = m2 = m3 = 1 and w(G) =(
0 0 1
0 1 1
1 −1 0
)
. By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i
2 = 1 and
Mij ∈ A2 if and only if (i+ 1)
2 − j2 − 1 = 0. By Lemma 2.9, (i+ 1)2 − j2 − 1 = 0 has
p− 1 solutions. Hence (µ0, µ1, µ2) = (0, p
2, p + 1).
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If G is the group (D14), then p > 2 and m1 = m2 = m3 = 1 and w(G) =(
1 0 0
0 ν 0
0 0 0
)
. By Theorem 4.5 (3), M ∈ A2, Mi ∈ A2 and Mij ∈ A1. Hence
(µ0, µ1, µ2) = (0, p
2, p + 1).
If G is the group (D15), then p > 2 and m1 = m2 = m3 = 1 and w(G) =(
1 0 0
0 0 1
0 0 0
)
. By Theorem 4.5 (3), M ∈ A2, Mi ∈ A2 and Mij ∈ A1 if and only if
j = 0. Hence (µ0, µ1, µ2) = (0, p
2 − p, 2p+ 1).
If G is the group (D16), then p > 2 and m1 = m2 = m3 = 1 and w(G) =(
0 0 0
0 1 1
0 −1 r
)
. By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i = 0 and
Mij ∈ A1 if and only if i = 0. Hence (µ0, µ1, µ2) = (0, p
2, p + 1).
If G is the group (D17), then p = 2 and m1 = m2 = m3 = 1 and w(G) =(
0 1 0
0 0 0
0 0 1
)
. By Theorem 4.5 (3), M ∈ A2, Mi ∈ A2 if and only if i = 0 and Mij ∈ A1
if and only if j = 0. Hence (µ0, µ1, µ2) = (0, 3, 4).
If G is the group (D18), then p = 2 and m1 = m2 = m3 = 1 and w(G) =(
0 1 0
0 0 1
0 0 1
)
. By Theorem 4.5 (3), M ∈ A2, Mi ∈ A2 if and only if i = 0 and Mij ∈ A1
if and only if j = 0. Hence (µ0, µ1, µ2) = (0, 3, 4).
If G is the group (D19), then p = 2 and m1 = m2 = m3 = 1 and w(G) =(
0 0 1
0 1 1
0 0 1
)
. By Theorem 4.5 (3), M ∈ A1, Mi ∈ A2 if and only if i = 0 and Mij ∈ A1
if and only if i = j = 0. Hence (µ0, µ1, µ2) = (0, 5, 2). 
Theorem 4.7. G has no abelian subgroup of index p and G has a unique A1-subgroups
of index p if and only if G is isomorphic to one of the following pairwise non-isomorphic
groups:
(Ei) p > 2. In this case p = 3, (µ0, µ1, µ2) = (0, 1, 3) and α1(G) = 10 except (E2), in
which α1(G) = 28.
(E1) 〈s1, s; s2
∣∣ s19 = s29 = 1, s3 = s3δ2 , [s1, s] = s2, [s2, s] = s2−3s1−3, [s2, s1] =
s32〉 where δ = 0, 1, 2; moreover, |G| = 3
5, c(G) = 4, Φ(G) = G′ = 〈s31, s2〉
∼=
C3 × C9 and Z(G) = 〈s
3
2〉
∼= C3.
(E2) 〈a, b; c
∣∣ a32 = b32 = c3 = 1, [b, a] = c, [c, a] = a3, [c, b] = b−3〉; where
|G| = 35, c(G) = 3, Φ(G) = G′ = 〈a3, b3, c〉 ∼= C33 and Z(G) = 〈a
3, b3〉 ∼= C23 .
(E3) 〈s1, β; s2, x
∣∣ s19 = s29 = x3 = 1, β3 = x, [s1, β] = s2, [s2, β] = s2−3s1−3, [s1, s2] =
x, [x, s1] = [x, β] = 1〉; where |G| = 36, c(G) = 4, Φ(G) = G′ = 〈s31, s2, x〉 ∼=
C9 × C3 × C3 and Z(G) = 〈s
3
2, x〉
∼= C23 .
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(E4) 〈s1, β; s2, x
∣∣ s19 = s29 = x3 = 1, β3 = s23x, [s1, β] = s2, [s2, β] = s2−3s1−3, [s1, s2].
= x, [x, s1] = [x, β] = 1〉; where |G| = 3
6, c(G) = 4, Φ(G) = G′ =
〈s31, s2, x〉
∼= C9 × C3 × C3 and Z(G) = 〈s
3
2, x〉
∼= C23 .
(E5) 〈α, β; s1, s2, x
∣∣ s19 = s23 = x3 = 1, β3 = x2, α3 = s2−1, [α, β] = s1, [s1, α] =
x, [s1, β] = s2, [s2, β] = s1
−3, [s1, s2] = [x, α] = [x, β] = 1〉; where |G| = 3
6,
c(G) = 4, Φ(G) = G′ = 〈s1, s2, x〉 ∼= C9×C3×C3 and Z(G) = 〈s
3
1, x〉
∼= C23 .
(E6) 〈α, β; s1, s2, x
∣∣ s19 = s23 = x3 = 1, β3 = x, α3 = s2−1x, [α, β] = s1, [s1, α] =
x, [s1, β] = s2, [s2, β] = s1
−3, [s1, s2] = [x, α] = [x, β] = 1〉, where |G| = 3
6,
c(G) = 4, Φ(G) = G′ = 〈s1, s2, x〉 ∼= C9×C3×C3 and Z(G) = 〈s
3
1, x〉
∼= C23 .
(Eii) p = 2.
(E7) 〈a, b
∣∣ a16 = 1, b2s+t+2 = a2s+t′+2 , [a, b] = a2〉, where s, t, t′ are non-negative
integers with 1 ≤ s+ t′ ≤ 2, tt′ = 0 and if t′ 6= 0, then s+ t′ = 2; moreover,
|G| = 2s+t+6, c(G) = 4, Φ(G) = 〈a2, b2〉 ∼= C8 × C2t−t′+3 , G
′ = 〈a2〉 ∼= C8,
Z(G) = 〈a8, b4〉 ∼= C2 × C2t−t′+2, (µ0, µ1, µ2) = (0, 1, 2) and α1(G) = 5;
(E8) 〈a, b, c
∣∣ a2 = b8 = 1, c2 = b4t, [a, b] = b4, [a, c] = 1, [c, b] = b2〉 where t = 0, 1;
moreover, |G| = 25, c(G) = 3, Φ(G) = G′ = 〈b2〉 ∼= C4, Z(G) = 〈b
4〉 ∼= C2,
(µ0, µ1, µ2) = (0, 1, 6) and α1(G) = 9;
(E9) 〈a, b, c; d
∣∣ a4 = b4 = c2 = d2 = 1, [a, b] = b2, [c, a] = a2b2, [c, b] = d, [d, a] =
[d, b] = [d, c] = 1〉; moreover |G| = 26, c(G) = 2, Φ(G) = Z(G) = G′ =
〈a2, b2, d〉 ∼= C32 , (µ0, µ1, µ2) = (0, 1, 6) and α1(G) = 25;
(E10) 〈a, b, c; d
∣∣ a4 = b4 = c2 = d2 = 1, [a, b] = a2, [c, a] = a2b2, [c, b] = d, [d, a] =
[d, b] = [d, c] = 1〉, moreover |G| = 26, c(G) = 2, Φ(G) = Z(G) = G′ =
〈a2, b2, d〉 ∼= C32 , (µ0, µ1, µ2) = (0, 1, 6) and α1(G) = 25.
Proof Finite p-groups with a unique A1-subgroup were classified in [22] for p > 2 and
[24] for p = 2. If p > 2, then, by using the classification in [22] and calculating the
maximal index of A1-subgroups for these groups, we get the groups (E1)–(E6). The
details are omitted. Table 8 gives the correspondence.
Groups Groups in [22, Lemma 2.12] Groups Groups in [22, Corollary 3.5] Groups Groups in [22, Theorem 3.8]
(E1) (2) where e = 2 (E2) (2) (E3) (1) where e = 2 and k = 1
(E4) (2) where e = 2 and k = 1
(E5) (3) where e = 2 and k = 2
(E6) (4) where e = 2 and k = 1
Table 8: The correspondence from Theorem 4.6 to [22, Lemma 2.12, Corollary 3.5, Theorem 3.8]
If p = 2, then, by lemma 3.7, G is either metacyclic or |G| ≤ 28. If G is metacyclic,
then, by Lemma 3.1, |G′| = p3. By using the classification of metacyclic 2-groups in
[30] and checking the number of their A1-subgroups of index p, we get the group (E7).
The details is omitted. If G is not metacyclic, then |G| ≤ 28. By using Magma to check
the SmallGroup database, we get the groups (E8)–(E10).
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We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 4.7 as follows.
By hypothesis, µ0 = 0 and µ1 = 1. Hence µ2 = p for d(G) = 2 and µ2 = p+ p
2 for
d(G) = 3. In the following, we calculate α1(G).
If G is the group (E2), then |G| = 35, and |H ′| = p for any maximal subgroup H.
By Lemma 2.6 (7), α1(H) = p
2 for H ∈ A2. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ1 + p
2µ2 = p
3 + 1 = 28.
If G is one of the group (E1) and (E3)–(E6), then c(G) = 4, and c(H) = 3 for any
A2-subgroup H. Since d(H) = 2, α1(H) = p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ1 + pµ2 = p
2 + 1 = 10.
If G is the group (E7), then G is metacyclic. Hence H is metacyclic for any A2-
subgroup H. Since d(H) = 2, α1(H) = p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ1 + pµ2 = p
2 + 1 = 5.
If G is the group (E8), then d(G) = 3 and c(G) = 3. All maximal subgroups
of G are M = 〈b, a〉, M0 = 〈c, a, b
2〉, M1 = 〈cb, a, b
2〉 and Mij = 〈ca
i, baj〉 where
i, j = 0, 1. Here M is the unique A1-subgroup of index 2, |M
′
i | = 2 and c(Mij) = 3.
By Lemma 2.6, α1(Mi) = 4 and α1(Mij) = 2. Let H ∈ Γ2(G). Then H = 〈a
ibjck, b2〉
where (i, j, k) 6= (0, 0, 0). It is obvious that H ∈ A1 if and only if k = 1. By Hall’s
enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− 2
∑
H∈Γ2
α1(H) = 1 + 4× 2 + 2× 4− 2× 4 = 9.
If G is the group (E9) or (E10), then d(G) = 3 and Φ(G) = Z(G). By Theorem
3.18, α1(G) = µ1 + 4µ2 = 25. 
5 A3-groups without A1-subgroup of index p
Assume G is an A3-group without an A1-subgroup of index p. We discuss according
to G has an abelian subgroup of index p or not. In this case, A3-groups have 151
non-isomorphic types. Theorem 5.1, 5.2, 5.3, 5.4 and 5.5 give the classification of A3-
groups without an A1-subgroup of index p and with an abelian subgroup of index p.
They are the groups (F1)–(F8), (G1)–(G12), (H1)–(H10), (I1)–(I11) and (J1)–(J9).
Theorem 5.6, 5.7, 5.13, 5.15 and 5.16 give the classification of A3-groups without an
A1-subgroup of index p and an abelian subgroup of index p. They are the groups
(K1)–(K5), (L1)–(L2), (M1)–(M62), (N1)–(N26) and (O1)–(O6).
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5.1 G has an abelian subgroup of index p
In this section assume G is an A3-group with an abelian subgroup of index p, and G
without an A1-subgroup of index p in Theorem 5.1, 5.2, 5.3, 5.4 and 5.5.
Theorem 5.1. d(G) = 2 and c(G) = 4 if and only if G is isomorphic to one of the
following pairwise non-isomorphic groups:
(F1) 〈a, b
∣∣ a16 = b2m = 1, [a, b] = a−2〉; where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼=
C8 × C2m−1 if m > 1, Φ(G) ∼= C8 if m = 1, G
′ = 〈a2〉 ∼= C8, Z(G) = 〈a
8, b2〉 ∼=
C2 × C2m−1 if m > 1, Z(G) ∼= C2 if m = 1.
(F2) 〈a, b
∣∣ a16 = b2m = 1, [a, b] = a6〉; where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼= C8×C2m−1
if m > 1, Φ(G) ∼= C8 if m = 1, G
′ = 〈a2〉 ∼= C8, Z(G) = 〈a
8, b2〉 ∼= C2 × C2m−1 if
m > 1, Z(G) ∼= C2 if m = 1.
(F3) 〈a, b
∣∣ a16 = 1, b2m = a8, [a, b] = a−2〉; where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼= C32 if
m = 1, Φ(G) ∼= C32 × C2 if m = 2, Φ(G)
∼= C2m × C22 if m > 2, G
′ = 〈a2〉 ∼= C8
and Z(G) = 〈b2〉 ∼= C2m .
(F4) 〈a1, b; a2
∣∣ a91 = a92 = b3m = 1, [a1, b] = a2, [a2, b] = a−31 a3t2 , [a1, a2] = 1〉, where
t = 1, 2; moreover, |G| = 3m+4, Φ(G) = 〈a2, a
3
1, b
3〉 ∼= C3 × C9 × C3m−1 if m > 1,
Φ(G) ∼= C3×C9 if m = 1, G
′ = 〈a2, a
3
1〉
∼= C3×C9, Z(G) = 〈a
3
2, b
3〉 ∼= C3×C3m−1
if m > 1, Z(G) ∼= C3 if m = 1.
(F5) 〈a1, b; a2
∣∣ a91 = a92 = 1, b3m = a−32 , [a1, b] = a2, [a2, b] = a−31 a−32 , [a1, a2] = 1〉;
where |G| = 3m+4, Φ(G) = 〈a2, a
3
1, b
3〉 ∼= C9×C3 if m = 1, Φ(G) ∼= C3m×C3×C3
if m > 1, G′ = 〈a2, a
3
1〉
∼= C9 × C3 and Z(G) = 〈b
3〉 ∼= C3m .
(F6) 〈a1, b; a2, a3, a4
∣∣ api = bpm = 1, [aj , b] = aj+1, [a4, b] = 1, [ai, aj ] = 1〉, where p ≥ 5,
1 ≤ i ≤ 4, 1 ≤ j ≤ 3; moreover, |G| = pm+4, Φ(G) = 〈a2, a3, a4, b
p〉 ∼= C3p×Cpm−1
if m > 1, Φ(G) ∼= C3p if m = 1, G
′ = 〈a2, a3, a4〉 ∼= C
3
p , Z(G) = 〈a4, b
p〉 ∼=
Cp × Cpm−1 if m > 1, Z(G) ∼= Cp if m = 1.
(F7) 〈a1, b; a2, a3
∣∣ api = bpm+1 = 1, [aj , b] = aj+1, [a3, b] = bpm , [ai, aj ] = 1〉, where p ≥
5, 1 ≤ i ≤ 3, 1 ≤ j ≤ 2; moreover, |G| = pm+4, Φ(G) = 〈a2, a3, b
p〉 ∼= C2p × Cpm,
G′ = 〈a2, a3, b
pm〉 ∼= C3p and Z(G) = 〈b
p〉 ∼= Cpm.
(F8) 〈a1, b; a2, a3
∣∣ ap21 = api = bpm = 1, [aj , b] = aj+1, [a3, b] = atp1 , [ai, aj ] = 1〉, where
2 ≤ i ≤ 3, 1 ≤ j ≤ 2, and t = t1, t2, . . . , t(3,p−1), where p ≥ 5, t1, t2, . . . , t(3,p−1)
are the coset representatives of the subgroup (F ∗p )
3 in F ∗p . Moreover, |G| = p
m+4,
Φ(G) = 〈a2, a3, a
p
1, b
p〉 ∼= C3p × Cpm−1 if m > 1, Φ(G)
∼= C3p if m = 1, G
′ =
〈a2, a3, a
p
1〉
∼= C3p , Z(G) = 〈a
p
1, b
p〉 ∼= Cp × Cpm−1 if m > 1, Z(G) ∼= Cp if m = 1.
Moreover, (µ0, µ1, µ2) = (1, 0, p) and α1(G) = p
2.
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Proof Let A be an abelian subgroup of index p and B be a non-abelian subgroup of
index p. By Lemma 2.11, G3 = B
′, G4 = B3, |G3/G4| = p and |G
′| = pc(G)−1 = p3.
Since c(G) = 4, c(B) ≥ 3. Hence Lemma 2.6 gives that d(B) = 2 and c(B) = 3. By
arbitrariness of B, all non-abelian subgroups of G are generated by two elements. Such
groups were classified by [29]. It follows from [29, Main Theorem] that G is either a
p-groups of maximal class or one of the groups listed in [29, Theorem 3.12-3.13]. Since
c(G) = 4, they are the groups (F1)–(F8).
Since d(G) = 2, G has 1+p maximal subgroups. Hence (µ0, µ1, µ2) = (1, 0, p). Since
d(H) = 2 for any non-abelian maximal subgroup H, α1(H) = p. By Hall’s enumeration
principle, α1(G) =
∑
H∈Γ1
α1(H) = pµ2 = p
2. 
Theorem 5.2. d(G) = 2 and c(G) = 3 if and only if G is isomorphic to one of the
following pairwise non-isomorphic groups:
(Gi) G′ ∼= Cp2.
(G1) 〈a, b; c
∣∣ a8 = 1, c2 = a4 = b4, [a, b] = c, [c, a] = 1, [c, b] = c2〉; where |G| = 26,
Φ(G) = 〈a2, b2, c〉 ∼= C2 × C2 × C4, G
′ = 〈c〉, Z(G) = 〈ca2, b2〉 ∼= C2 ×C4.
(G2) 〈a, b; c
∣∣ a8 = b4 = 1, c2 = a4, [a, b] = c, [c, a] = 1, [c, b] = c2〉; where |G| = 26,
Φ(G) = 〈a2, b2, c〉 ∼= C2 × C2 × C4, G
′ = 〈c〉, Z(G) = 〈ca2, b2〉 ∼= C22 .
(G3) 〈a, b; c
∣∣ a8 = b4 = 1, c2 = a4, [a, b] = c, [c, a] = c2, [c, b] = 1〉; where |G| = 26,
Φ(G) = 〈a2, b2, c〉 ∼= C4 × C
2
2 , G
′ = 〈c〉 and Z(G) = 〈a2, cb2〉 ∼= C4 × C2.
(G4) 〈a, b; c
∣∣ a2n+1 = b4 = 1, c2 = a2n , [a, b] = c, [c, a] = c2, [c, b] = 1〉, where
n > 2; moreover, |G| = 2n+4, Φ(G) = 〈a2, b2, c〉 ∼= C2n × C
2
2 , G
′ = 〈c〉 and
Z(G) = 〈a2, cb2〉 ∼= C2n × C2.
(G5) 〈a, b; c
∣∣ a2n = b8 = 1, c2 = b4, [a, b] = c, [c, a] = c2, [c, b] = 1〉, where n > 2;
moreover, |G| = 2n+4, Φ(G) = 〈a2, b2, c〉 ∼= C2n−1 × C2 × C4, G
′ = 〈c〉 and
Z(G) = 〈a2, cb2〉 ∼= C2n−1 × C2.
(G6) 〈a, b; c
∣∣ a2n = b4 = c4 = 1, [a, b] = c, [c, a] = c2, [c, b] = 1〉, where n > 2.
Moreover, |G| = 2n+4, Φ(G) = 〈a2, b2, c〉 ∼= C2n−1 × C2 × C4, G
′ = 〈c〉 and
Z(G) = 〈a2, cb2〉 ∼= C2n−1 × C4.
(Gii) G′ ∼= C2p .
(G7) 〈a, b; c
∣∣ ap3 = bp2 = cp = 1, [a, b] = c, [c, a] = 1, [c, b] = aνp2〉, where p > 2
and ν = 1 or a fixed quadratic non-residue modulo p; moreover, |G| = p6,
Φ(G) = 〈ap, bp, c〉 ∼= Cp2×C
2
p , G
′ = 〈ap
2
, c〉 and Z(G) = 〈ap, bp〉 ∼= Cp2×Cp.
(G8) 〈a, b; c, d
∣∣ ap2 = bp2 = cp = dp = 1, [a, b] = c, [c, a] = d, [c, b] = 1, [d, a] =
[d, b] = 1〉, where p > 2. Moreover, |G| = p6, Φ(G) = 〈ap, bp, c, d〉 ∼= C4p ,
G′ = 〈c, d〉 and Z(G) = 〈ap, bp, d〉 ∼= C3p .
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(G9) 〈a, b; c
∣∣ ap3 = bp2 = cp = 1, [a, b] = c, [c, a] = ap2 , [c, b] = 1〉, where p > 2;
moreover, |G| = p6, Φ(G) = 〈ap, bp, c〉 ∼= Cp2×C
2
p , G
′ = 〈ap
2
, c〉 and Z(G) =
〈ap, bp〉 ∼= Cp2 × Cp.
(G10) 〈a, b; c
∣∣ apn+1 = bp2 = cp = 1, [a, b] = c, [c, a] = apn , [c, b] = 1〉, where
p > 2 and n > 2; moreover, |G| = pn+4, Φ(G) = 〈ap, bp, c〉 ∼= Cpn × C
2
p ,
G′ = 〈ap
n
, c〉 and Z(G) = 〈ap, bp〉 ∼= Cpn × Cp.
(G11) 〈a, b; c
∣∣ apn = bp3 = cp = 1, [a, b] = c, [c, a] = bνp2 , [c, b] = 1〉, where p > 2,
n > 2, and ν = 1 or or a fixed quadratic non-residue modulo p; moreover,
|G| = pn+4, Φ(G) = 〈ap, bp, c〉 ∼= Cpn−1×Cp2×Cp, G
′ = 〈bp
2
, c〉 and Z(G) =
〈ap, bp〉 ∼= Cpn−1 ×Cp2 .
(G12) 〈a, b; c, d
∣∣ apn = bp2 = cp = dp = 1, [a, b] = c, [c, a] = d, [c, b] = 1, [d, a] =
[d, b] = 1〉, where p > 2 and n > 2. Moreover, |G| = pn+4, Φ(G) =
〈ap, bp, c, d〉 ∼= Cpn−1 × C
3
p , G
′ = 〈c, d〉 and Z(G) = 〈ap, bp, d〉 ∼= Cpn−1 × C
2
p .
Moreover, (µ0, µ1, µ2) = (1, 0, p) and α1(G) = p
3.
Proof Let A be an abelian subgroup of index p and B be a non-abelian subgroup of
index p. By Lemma 2.11, G3 = B
′, G4 = B3, |G3/G4| = p and |G
′| = pc(G)−1.
Since c(G) = 3, |B′| = |G3| = p and |G
′| = p2. Let G¯ = G/G3. Then |G¯
′| = p and
d(G¯) = 2. Hence G¯ is an A1-group by Lemma 2.2. If G¯ is metacyclic, then G is also
metacyclic by Lemma 2.1 and hence G is an A2-group by Lemma 3.1. This contradicts
that G is an A3-group. Thus G¯ is a non-metacyclic A1-group. If G
′ ∼= Cp2 , then G is
one of the groups listed in [3, Theorem 3.5]. By [3, Theorem 3.1 & 3.6 ] we get groups
(G1)–(G6). If G′ ∼= C2p , then G is one of the groups listed in [3, Theorem 4.6]. By [3,
Theorem 4.1 & 4.7] we get groups (G7)–(G12).
Groups Groups in [3, Theorem 3.5] Groups Groups in [3, Theorem 4.6]
(G1) (C3) (G7) (G1) where m = 2 and p > 2
(G2) (C4) (G8) (G2) where m = 2 and p > 2
(G3) (C5) (G9) (G3) where m = 2 and p > 2
(G4) (E2) where p = m = 2 (G10) (J2) where m = 2 and p > 2
(G5) (E5) where p = m = 2 (G11) (J4) where m = 2 and p > 2
(G6) (E8) where p = m = 2 (G12) (J6) where m = 2 and p > 2
Table 9: The correspondence from Theorem 5.2 to [3, Theorem 3.5 & 4.6]
Now we calculate the (µ0, µ1, µ2) and α1(G). Since d(G) = 2, G has 1+ p maximal
subgroups. Hence (µ0, µ1, µ2) = (1, 0, p). Since |H
′| = p for any non-abelian maximal
subgroup H, by Lemma 2.6 (7), α1(H) = p
2. By Hall’s enumeration principle, α1(G) =∑
H∈Γ1
α1(H) = p
2µ2 = p
3. 
Theorem 5.3. d(G) = 3 and Φ(G) ≤ Z(G) if and only if G is isomorphic to one of
the following pairwise non-isomorphic groups:
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(Hi) Φ(G) < Z(G), G′ ∼= Cp and c(G) = 2. Moreover, (µ0, µ1, µ2) = (1 + p, 0, p
2) and
α1(G) = p
4.
(H1) 〈a, b, c
∣∣ apn+1 = bpm = cp2 = 1, [a, b] = apn , [c, a] = [c, b] = 1〉 ∼=
Mp(n + 1,m) × Cp2, where min{n,m} ≥ 2; moreover, |G| = p
n+m+3,
Φ(G) = 〈ap, bp, cp〉 ∼= Cpn ×Cpm−1 ×Cp, G
′ = 〈ap
n
〉 and Z(G) = 〈ap, bp, c〉 ∼=
Cpn × Cpm−1 × Cp2.
(H2) 〈a, b, c; d
∣∣ apn = bpm = cp2 = dp = 1, [a, b] = d, [c, a] = [c, b] = 1〉 ∼=
Mp(n,m, 1) × Cp2, where n ≥ m ≥ 2; moreover, |G| = p
n+m+3, Φ(G) =
〈ap, bp, cp, d〉 ∼= Cpn−1×Cpm−1×Cp×Cp, G
′ = 〈d〉 and Z(G) = 〈ap, bp, c, d〉 ∼=
Cpn−1 × Cpm−1 ×Cp2 × Cp.
(H3) 〈a, b, c
∣∣ apn = bpm = cp3 = 1, [a, b] = cp2 , [c, a] = [c, b] = 1〉 ∼= Mp(n,m, 1) ∗
Cp3, where n ≥ m ≥ 2. Moreover, |G| = p
n+m+3, Φ(G) = 〈ap, bp, cp〉 ∼=
Cpn−1×Cpm−1×Cp2 , G
′ = 〈cp
2
〉 and Z(G) = 〈ap, bp, c〉 ∼= Cpn−1×Cpm−1×Cp3.
(Hii) Φ(G) = Z(G), G′ ∼= C2p and c(G) = 2. Moreover, (µ0, µ1, µ2) = (1, 0, p + p
2) and
α1(G) = p
4 + p3.
(H4) 〈a, b, c
∣∣ apl = bp2 = cp2 = 1, [b, c] = 1, [c, a] = cp, [a, b] = b−p〉, where p > 2
and l ≥ 2; moreover, |G| = pl+4, Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cpl−1 × C
2
p ,
G′ = 〈bp, cp〉.
(H5) 〈a, b, c
∣∣ apl = bp3 = cp3 = 1, [b, c] = 1, [c, a] = bp2ctp2 , [a, b] = b−tp2cνp2〉,
where p > 2, l ≥ 2, ν = 1 or a fixed quadratic non-residue modulo p such
that −ν 6∈ (F ∗p )
2 and t ∈ {0, 1, . . . , p−12 }; moreover, |G| = p
l+6, Φ(G) =
Z(G) = 〈ap, bp, cp〉 ∼= Cpl−1 ×Cp2 × Cp2, G
′ = 〈bp
2
, cp
2
〉.
(H6) 〈a, b, c
∣∣ a2l = b4 = c4 = 1, [b, c] = 1, [c, a] = c2, [a, b] = b2〉; moreover, |G| =
2l+4, Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C2l−1 × C2 × C2 if l > 1, G
′ = 〈b2, c2〉 ,
Φ(G) = Z(G) ∼= C2 × C2 if l = 1.
(H7) 〈a, b, c
∣∣ a2l = b8 = c8 = 1, [b, c] = 1, [c, a] = b4, [a, b] = b4c4〉, where l ≥ 2;
moreover, |G| = 2l+6, Φ(G) = Z(G) = 〈a2, b2, c2〉 ∼= C2l−1 × C4 × C4,
G′ = 〈b4, c4〉.
(H8) 〈a, b, c
∣∣ apl+1 = bp3 = cp2 = 1, [b, c] = 1, [c, a] = bp2 , [a, b] = apl〉, where
l ≥ 2; moreover, |G| = pl+6, Φ(G) = Z(G) = 〈ap, bp, cp〉 ∼= Cpl × Cp2 × Cp,
G′ = 〈ap
l
, bp
2
〉.
(H9) 〈a, b, c;x
∣∣ apl = bp2 = cp2 = xp = 1, [a, b] = cp, [a, c] = x, [b, c] = [x, a] =
[x, b] = [x, c] = 1〉, where l ≥ 2; moreover, |G| = pl+5, Φ(G) = Z(G) =
〈ap, bp, cp, x〉 ∼= Cpl−1 × C
3
p , G
′ = 〈cp, x〉.
(H10) 〈a, b, c;x, y
∣∣ apl = bp = cp = xp = yp = 1, [a, b] = x, [a, c] = y, [b, c] =
[x, a] = [x, b] = [x, c] = [y, a] = [y, b] = [y, c] = 1〉, where l ≥ 2 if p = 2;
moreover, |G| = pl+4, Φ(G) = Z(G) = 〈ap, x, y〉 ∼= Cpl−1 × C
2
p , G
′ = 〈x, y〉.
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Proof By Lemma 2.8, |G′| ≤ p2. If |G′| = p, then G is one of the groups listed in [2,
Theorem 3.1]. Since G has no A1-subgroup of index p, they are the groups (H1)–(H3).
If |G′| = p2, then G is one of the groups listed in [2, Theorem 4.8]. By checking [2,
Table 4] we get groups (H4)–(H10).
Groups Groups in [2, Theorem 4.8] Groups Groups in [2, Theorem 4.8]
(H4) (A1) where l ≥ 2 and m = 1 (H8) (A10) where l ≥ 2 = m = n
(H5) (A3) where l ≥ m = 2 and −ν 6∈ F 2p (H9) (B2) where m = 2 and n = 1
(H6) (A5) where m = 1 (H10) (C) where m = n = 1
(H7) (A6) where l ≥ m = 2 and −ν 6∈ (F ∗p )
2
Table 10: The correspondence from Theorem 5.3 to [2, Theorem 4.8]
Now we calculate the (µ0, µ1, µ2) and α1(G). If G is one of the groups (H1)–(H3),
then µ0 = 1 + p. Since µ1 = 0, µ2(G) = p
2. By Lemma 3.18, α1(G) = p
2µ2 = p
4.
If G is one of the groups (H4)–(H10), then d(G) = 3 and G′ ∼= C2p . Since Φ(G) =
Z(G), µ0 = 1. Hence (µ0, µ1, µ2) = (1, 0, p + p
2). By Lemma 3.18, α1(G) = p
2µ2 =
p4 + p3. 
Theorem 5.4. d(G) = 3 and Φ(G) 6≤ Z(G) if and only if G is isomorphic to one of
the following pairwise non-isomorphic groups:
(Ii) |G′| = p2 and c(G) = 3. In this case, Z(G) 6≤ Φ(G), (µ0, µ1, µ2) = (1, 0, p
2 + p)
and α1(G) = p
3.
(I1) 〈a, b, x
∣∣ a8 = b2m = x2 = 1, [a, b] = a−2, [x, a] = [x, b] = 1〉 = 〈a, b〉 × 〈x〉;
where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼= C2m−1 × C4 if m > 1, Φ(G) ∼= C4
if m = 1, G′ = 〈a2〉 ∼= C4, Z(G) = 〈a
4, b2, x〉 ∼= C2m−1 × C
2
2 if m > 1,
Z(G) ∼= C22 if m = 1.
(I2) 〈a, b, x
∣∣ a8 = b2m = 1, x2 = a4, [a, b] = a−2, [x, a] = [x, b] = 1〉 = 〈a, b〉 ∗ 〈x〉;
where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼= C2m−1 × C4 if m > 1, Φ(G) ∼= C4 if
m = 1, G′ = 〈a2〉 ∼= C4, Z(G) = 〈b
2, x〉 ∼= C2m−1 × C4 if m > 1, Z(G) ∼= C4
if m = 1.
(I3) 〈a, b, x
∣∣ a8 = b2m = x2 = 1, [a, b] = a2, [x, a] = [x, b] = 1〉 = 〈a, b〉 × 〈x〉;
where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼= C2m−1 × C4 if m > 1, Φ(G) ∼= C4
if m = 1, G′ = 〈a2〉 ∼= C4, Z(G) = 〈a
4, b2, x〉 ∼= C2m−1 × C
2
2 if m > 1,
Z(G) ∼= C22 if m = 1.
(I4) 〈a, b, x
∣∣ a8 = x2 = 1, b2m = a4, [a, b] = a−2, [x, a] = [x, b] = 1〉 = 〈a, b〉 × 〈x〉;
where |G| = 2m+4, Φ(G) = 〈a2, b2〉 ∼= C4 if m = 1, Φ(G) = 〈a
2, b2〉 ∼=
C2m × C2 if m > 1, G
′ = 〈a2〉 ∼= C4 and Z(G) = 〈b
2, x〉 ∼= C2m × C2.
(I5) 〈a1, b, x; a2, a3
∣∣ ap1 = ap2 = ap3 = bpm = xp = 1, [a1, b] = a2, [a2, b] =
a3, [a2, a1] = [a3, a1] = [a3, a2] = [x, a1] = [x, b] = 1〉 = 〈a1, b〉 × 〈x〉,
where p > 3 for m = 1 and p > 2; moreover, |G| = pm+4, Φ(G) =
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〈a2, a3, b
p〉 ∼= Cpm−1×C
2
p if m > 1, Φ(G)
∼= C2p if m = 1, G
′ = 〈a2, a3〉 ∼= C
2
p ,
Z(G) = 〈a3, b
p, x〉 ∼= Cpm−1 × C
2
p if m > 1, Z(G)
∼= C2p if m = 1.
(I6) 〈a1, x, b; a2
∣∣ ap1 = ap2 = bpm = xp2 = 1, [a1, b] = a2, [a2, b] = xp, [a2, a1] =
[x, a1] = [x, b] = 1〉 = 〈a1, b〉 ∗ 〈x〉, where p > 2; moreover, |G| = p
m+4,
Φ(G) = 〈a2, b
p, xp〉 ∼= Cpm−1 × C
2
p if m > 1, Φ(G)
∼= C2p if m = 1, G
′ =
〈a2, x
p〉 ∼= C2p , Z(G) = 〈x, b
p〉 ∼= Cpm−1 × Cp2 if m > 1, Z(G) ∼= Cp2 if
m = 1.
(I7) 〈a1, x, b; a2
∣∣ ap1 = ap2 = bpm+1 = xp = 1, [a1, b] = a2, [a2, b] = bpm , [a2, a1] =
[x, a1] = [x, b] = 1〉 = 〈a1, b〉 × 〈x〉, where p > 2; moreover, |G| = p
m+4,
Φ(G) = 〈a2, b
p〉 ∼= Cpm × Cp, G
′ = 〈a2, b
pm〉 ∼= C2p and Z(G) = 〈x, b
p〉 ∼=
Cpm ×Cp.
(I8) 〈a1, x, b; a2
∣∣ ap21 = ap2 = bpm = xp = 1, [a1, b] = a2, [a2, b] = aνp1 , [a2, a1] =
[x, a1] = [x, b] = 1〉 = 〈a1, b〉×〈x〉, where p > 2 and ν = 1 or a fixed quadratic
non-residue modulo p; Moreover, |G| = pm+4, Φ(G) = 〈a2, a
p
1, b
p〉 ∼= Cpm−1×
C2p if m > 1, Φ(G)
∼= C2p if m = 1, G
′ = 〈a2, a
p
1〉
∼= C2p , Z(G) = 〈a
p
1, b
p, x〉 ∼=
Cpm−1 × C
2
p if m > 1, Z(G)
∼= C2p if m = 1.
(I9) 〈a1, x, b; a2
∣∣ a91 = a32 = x3 = 1, b3 = a31, [a1, b] = a2, [a2, b] = a−31 , [x, a1] =
[x, a2] = 1〉 = 〈a1, b〉 × 〈x〉; where |G| = 3
5, Φ(G) = G′ = 〈a2, a
3
1〉
∼= C23 and
Z(G) = 〈a31, x〉
∼= C23 .
(Iii) |G′| = p3 and c(G) = 3. In this case, Z(G) < Φ(G), (µ0, µ1, µ2) = (1, 0, p
2 + p)
and α1(G) = p
3 + p2.
(I10) 〈a, b, c
∣∣ a8 = b2m+1 = 1, c2 = a4b2m , [a, b] = a2, [c, a] = 1, [c, b] = b2m〉; where
|G| = 2m+5, Φ(G) = 〈a2, b2〉 ∼= C2m × C4, G
′ = 〈a2, b2
m
〉 ∼= C4 × C2 and
Z(G) = 〈a4, b2〉 ∼= C2m × C2.
(I11) 〈a, b, c; d
∣∣ apn+1 = bp = cp2 = dp = 1, [a, b] = d, [c, a] = apn , [d, a] =
cp, [c, b] = [d, b] = [d, c] = 1〉, where p > 2. Moreover, |G| = pn+5, Φ(G) =
〈ap, cp, d〉 ∼= Cpn×C
2
p , G
′ = 〈ap
n
, cp, d〉 ∼= C3p and Z(G) = 〈c
p, ap〉 ∼= Cpn×Cp.
Proof It is easy to see that Z(G) 6≤ Φ(G) for groups (I1)–(I9) and Z(G) < Φ(G) for
(I10)–(I11). By checking maximal subgroups of groups (I1)–(I11), we know that they
are all A3-groups and are pairwise non-isomorphic. Conversely, in the following, we
prove that G is one of the groups (I1)–(I11).
Let A be an abelian subgroup of index p of G, and B be a non-abelian subgroup
of index p of G. Then A ∩ B is an abelian subgroup of index p of B. It follows that
Z(B) ≤ A ∩B and hence Z(B) ≤ Z(G).
We claim that there exists a non-abelian subgroup B of index p such that d(B) = 3.
If not, then all non-abelian proper subgroups of G are generated by two elements. By
Lemma 2.13, G ∈ A2, a contradiction.
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By Lemma 2.6 (2), B′ ≤ C2p and B
′ ≤ Z(B) ≤ Z(G). If G′ = B′, then we have
Φ(G) ≤ Z(G), a contradiction. Hence G′ > B′. By Lemma 2.15, |G′| ≤ p|A′||B′| =
p|B′|. Thus |G′| = p|B′|. Let D be another non-abelian subgroup of index p of G such
that d(D) = 3. Similarly we have D′ ≤ C2p and D
′ ≤ Z(D) ≤ Z(G). If D′ 6≤ B′, then
G′ = B′D′ ≤ Z(G) and hence Φ(G) ≤ Z(G), a contradiction. Thus we have D′ ≤ B′.
The same reason gives that B′ ≤ D′ and hence B′ = D′. By arbitrariness of D, there
exists a non-abelian subgroup M of index p such that d(M) = 2 and all non-abelian
subgroups of G/B′ are generated by two elements.
Case 1. |G′| = p2
By Lemma 2.8, |G : Z(G)| = p3. Since |G : Φ(G)| = p3 and Φ(G) 6= Z(G), there
exists a non-abelian subgroup M of index p such that Z(G) 6≤ M . Let x ∈ Z(G)\M .
Then G = 〈M,x〉 and G′ = M ′. If d(M) = 3, then, by Lemma 2.6 (2), M ′ ≤ C3p
and M ′ ≤ Z(M). It follows that G′ ≤ C3p and G
′ ≤ Z(G). By calculation we get
Φ(G) ≤ Z(G), a contradiction. Hence d(M) = 2. It follows that Φ(M) = Φ(G) and M
is one of the groups (1)–(7) in Lemma 2.5.
Subcase 1.1. M is the group (1) in Lemma 2.5. That is, M = 〈a, b
∣∣ a8 = b2m =
1, ab = a−1〉.
Since Z(M) = 〈a4, b2〉 and x2 ∈ Z(G) ∩ Φ(G) = Z(M), we may assume that
x2 = a4ib2j . Thus (xb−j)2 = a4i. If (2, j) = 1, then |〈a2, xb−j〉| = 8. Since G is an
A3-group, we have |G| ≤ 2
5 and |M | ≤ 24. Hence m = 1. It follows that x2 = a4i. If
2
∣∣ j, then, replacing x with xb−j, we also have x2 = a4i. Hence we get the groups (I1)
for 2
∣∣ i and (I2) for (2, i) = 1, respectively.
Subcase 1.2. M is the group (2) in Lemma 2.5. That is, M = 〈a, b
∣∣ a8 = b2m =
1, ab = a3〉.
Since Z(M) = 〈a4, b2〉 and x2 ∈ Z(G) ∩ Φ(G) = Z(M), we may assume that
x2 = a4ib2j . Thus (xb−j)2 = a4i. If (2, j) = 1, then |〈a2, xb−j〉| = 8. Since G is an
A3-group, we have |G| ≤ 2
5 and |M | ≤ 24. Hence m = 1. It follows that x2 = a4i. If
2
∣∣ j, then, replacing x with xb−j, we also have x2 = a4i. If x2 = 1, then we get the
group (I3). If x2 = a4, then, replacing a with ax, we get the group (I2).
Subcase 1.3. M is the group (3) in Lemma 2.5. That is, M = 〈a, b
∣∣ a8 = 1, b2m =
a4, ab = a−1〉.
Since Z(M) = 〈a4, b2〉 and x2 ∈ Z(G) ∩ Φ(G) = Z(M), we may assume that
x2 = a4ib2j . Thus (xb−j)2 = a4i. If (2, j) = 1, then |〈a2, xb−j〉| = 8. Since G is an
A3-group, we have |G| ≤ 2
5 and |M | ≤ 24. Hence m = 1. It follows that x2 = a4(i+1).
If 2
∣∣ j, then, replacing x with xb−j , we also have x2 = a4i. If x2 = 1, then we get the
group (I4). In the following, we may assume that x2 = a4. If m = 1, then, replacing
b with xb, we get the group (I2). If m ≥ 2, then, replacing x with xb2
m−1
, we get the
group (I4).
40
Subcase 1.4. M is the group (4) in Lemma 2.5. That is, M = 〈a1, b; a2, a3
∣∣ ap1 =
ap2 = a
p
3 = b
pm = 1, [a1, b] = a2, [a2, b] = a3, [a3, b] = 1, [ai, aj] = 1〉, where p > 3 for
m = 1, p > 2 and 1 ≤ i, j ≤ 3.
Since Z(M) = 〈a3, b
p〉 and xp ∈ Z(G) ∩ Φ(G) = Z(M), we may assume that
xp = ai3b
jp. Thus (xb−j)p = ai3. If (j, p) = 1, then |〈a2, xb
−j〉| = p3. Since G is an
A3-group, we have |G| ≤ p
5 and |M | ≤ p4. Hence m = 1. It follows that xp = ai3. If
p
∣∣ j, then, replacing x with xb−j, we also have xp = ai3. If p ∣∣ i, then we get the group
(I5). If (i, p) = 1, then, replacing x with xi
−1
, we get the group (I6).
Subcase 1.5. M is the group (5) in Lemma 2.5. That is, M = 〈a1, b; a2
∣∣ ap1 = ap2 =
bp
m+1
= 1, [a1, b] = a2, [a2, b] = b
pm , [a1, a2] = 1〉, where p > 2.
Since Z(M) = 〈bp〉 and xp ∈ Z(G) ∩ Φ(G) = Z(M), we may assume that xp = bjp.
Thus (x−j
−1
b)p = 1. If p
∣∣ j, then, replacing x with x−j−1b, we get the group (I7).
If (j, p) = 1, then |〈a2, x
−j−1b〉| = p3. Since G is an A3-group, we have |G| ≤ p
5 and
|M | ≤ p4. Hence m = 1. By replacing b with x−j
−1
b we get the group (I6).
Subcase 1.6. M is the group (6) in Lemma 2.5. That is, M = 〈a1, b; a2
∣∣ ap21 =
ap2 = b
pm = 1, [a1, b] = a2, [a2, b] = a
νp
1 , [a1, a2] = 1〉, where p > 2 and ν = 1 or a fixed
quadratic non-residue modulo p.
Since Z(M) = 〈ap1, b
p〉 and xp ∈ Z(G) ∩ Φ(G) = Z(M), we may assume that
xp = aip1 b
jp. Thus (x−j
−1
b)p = aip1 . If (j, p) = 1, then |〈a2, x
−j−1b〉| = p3. Since G is an
A3-group, we have |G| ≤ p
5 and |M | ≤ p4. Hence m = 1. It follows that xp = aip1 . If
p
∣∣ j, then, replacing x with xb−j, we also have xp = aip1 . If p ∣∣ i, then we get the group
(I8). If (i, p) = 1, then, replacing a1 and x with a1x
−i−1 and xi
−1ν respectively, we get
the group (I6).
Subcase 1.7. M is the group (7) in Lemma 2.5. That is, M = 〈a1, b; a2
∣∣ a91 = a32 =
1, b3 = a31, [a1, b] = a2, [a2, b] = a
−3
1 〉.
If x3 = 1, then G is the group (I9). If x3 6= 1, then we may assume that a31 = b
3 =
x−3. By replacing a1 and b with a1x and bx respectively, we get the group (I6).
Case 2. |G′| = p3
In this case, B′ ∼= C2p and Z(B) = Φ(B). By Lemma 2.8, |G : Z(G)| = p
4. Since
|G : Z(B)| = p4 and Z(B) ≤ Z(G), we have Z(G) = Z(B) = Φ(B) < Φ(G). By
Lemma 2.13, G/B′ ∈ A2. Hence G/B
′ is one of the groups (8)–(12) in Lemma 2.5.
Subcase 2.1. G/B′ is the group (8) or (11) in Lemma 2.5. That is, G/B′ = 〈a¯, b¯, c¯
∣∣
a¯4 = c¯2 = 1, b¯2 = a¯2 = [a¯, b¯], [c¯, a¯] = [c¯, b¯] = 1〉 ∼= Q8 × C2 or G/B
′ = 〈a¯, b¯, c¯
∣∣ a¯4 =
1, b¯2 = c¯2 = a¯2 = [a¯, b¯], [c¯, a¯] = [c¯, b¯] = 1〉 ∼= Q8 ∗ C4.
In this subcase, Φ(G) = G′ = 〈a2, B′〉. Since a2 = b2z where z ∈ B′ ≤ Z(G), we
have [a2, b] = 1. It follows that Φ(G) ≤ Z(G), a contradiction.
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Subcase 2.2. G/B′ is the group (9) in Lemma 2.5. That is, G/B′ = 〈a¯, b¯, c¯
∣∣ a¯pn+1 =
b¯p
m
= c¯p = 1, [a¯, b¯] = a¯p
n
, [c¯, a¯] = [c¯, b¯] = 1〉 ∼=M(n+ 1,m) ×Cp.
If o(a) = pn+1, then, by calculation, we have Φ(G) ≤ Z(G), a contradiction. Hence
o(a) = pn+2. If p > 2, then 〈a, b〉 has no abelian subgroup of index p, a contradiction.
Hence p = 2. If b2
m
∈ 〈a2
n+1
〉, then 〈a2, b〉 is non-abelian and is of order 2n+m+1, which
is contrary to G ∈ A3. Hence o(b) = 2
m+1 and B′ = 〈a2
n+1
, b2
m
〉. Since 〈a, b〉 has an
abelian subgroup of index p, by calculation we have n = 1 and A ∩ 〈a, b〉 = 〈a, b2〉,
where A is the abelian subgroup of index p of G. Hence A = 〈a, b2, c〉. It follows that
[c, a] = 1. Assume that [c, b] = a4wbu2
m
. By replacing c with ca2w we have [c, b] = bu2
m
.
Since Z(G) < Φ(G), we have [c, b] = b2
m
. If c2 ∈ 〈b2
m
〉, then |〈c, b〉| = 2m+2, which is
contrary to G ∈ A3. Thus we may assume that
G = 〈a, b, c
∣∣ a8 = b2m+1 = 1, c2 = a4bi2m , [a, b] = a2a4jbk2m , [c, a] = 1, [c, b] = b2m〉.
By replacing a with acj we may assume that [a, b] = a2bk
′2m . If m ≥ 2, then, replacing
a and c with abk
′2m−1 and cb(i+1)2
m−1
respectively, we have [a, b] = a2 and c2 = a4b2
m
.
Hence we get the group (I10). If m = 1, then (ba)2 = b2a2[a, b] = a4b2(k
′+1). Since
G ∈ A3, we have |〈a
2, ba〉| = 24. It follows that (ba)2 = a4b2 and [a, b] = a2. Again
since G ∈ A3, we have |〈ca
2, ba〉| = 24. It follows that (ca)2 = b2 and c2 = a4b2. Hence
we also get the group (I10).
Subcase 2.3. G/B′ is the group (10) in Lemma 2.5. That is, G/B′ = 〈a¯, b¯, c¯; d¯
∣∣
a¯p
n
= b¯p
m
= c¯p = d¯p = 1, [a¯, b¯] = d¯, [c¯, a¯] = [c¯, b¯] = 1〉 ∼=M(n,m, 1)×Cp, where n ≥ m,
and n ≥ 2 if p = 2.
Since 〈a¯, b¯〉 is not metacyclic, 〈a, b〉 is not metacyclic. Since 〈a, b〉 is a two-generator
A2-subgroup, by Lemma 2.6 (6) and (7) we have p > 2 and exp(〈a, b〉
′) = p. Hence
dp = 1 and we may assume [a, b] = d. If m ≥ 2, then
|G : 〈d, a〉| ≥ pm+1 ≥ p3 and |G : 〈d, b〉| ≥ pn+1 ≥ p3.
Since G ∈ A3, [d, a] = [d, b] = 1. It follows that 〈a, b〉 ∈ A1, a contradiction. Hence we
have m = 1. Since the index of 〈b, c〉 is at least pn+1, we have [b, c] = 1 for n ≥ 2. If
n = 1, then, without loss of generality, we may assume [b, c] = 1. Since Z(G) < Φ(G),
we have [c, a] 6= 1. Hence A = 〈b, c,Φ(G)〉. It follows that [d, b] = 1 and hence [d, a] 6= 1.
Since G ∈ A3 and |G| = p
n+5, we have |〈a, d〉| = pn+3. Hence
o(a) = pn+1, [d, a] 6∈ 〈ap
n
〉 and B′ = 〈ap
n
, [d, a]〉.
Since Z(G) < Φ(G), we have [c, a] 6∈ 〈[d, a]〉. Hence we may assume [c, a] = aip
n
[d, a]j
where (i, p) = 1. By replacing c with ci
−1
d−i
−1j we have [c, a] = ap
n
. Hence |〈c, a〉| =
pn+3 and cp 6∈ 〈ap
n
〉. It follows that G′ = 〈d, ap
n
, cp〉. Hence we may assume [d, a] =
cupavp
n
where (u, p) = 1. Since |〈d, cuavp
n−1
〉| = p3 ≤ pn+3, [d, cuavp
n−1
] = 1 and hence
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n ≥ 2 or v = 0. By replacing b, c and d with bu
−1
, cau
−1vpn−1 and du
−1
, respectively,
we get [d, a] = cp. We may assume bp = asp
n
(mod 〈cp〉). By calculation we have
(ba−sp
n−1
)p ∈ 〈cp〉. Since |〈c, ba−sp
n−1
〉| ≤ p3, we have [c, ba−sp
n−1
] = 1. Assume
(ba−sp
n−1
)p = ctp. Since |〈d, ba−sp
n−1
c−t〉| ≤ p3, we have [d, ba−sp
n−1
c−t] = 1. By
replacing b with ba−sp
n−1
c−t we have bp = 1. Hence G is the group (I11).
Subcase 2.4. G/B′ is the group (12) in Lemma 2.5. That is, G/B′ = 〈a¯, b¯, c¯
∣∣ a¯pn =
b¯p
m
= c¯p
2
= 1, [a¯, b¯] = c¯p, [c¯, a¯] = [c¯, b¯] = 1〉 ∼= M(n,m, 1) ∗ Cp2 , where n ≥ m, and
n ≥ 2 if p = 2.
Since 〈a¯, b¯〉 is not metacyclic, 〈a, b〉 is not metacyclic. Since 〈a, b〉 is a two-generator
A2-group, by Lemma 2.6 (6) and (7) we have p > 2 and exp(〈a, b〉
′) = p. Hence cp
2
= 1
and exp(G′) = p. It follows that [cp, a] = [cp, b] = 1. Thus 〈a, b〉 ∈ A1, a contradiction.
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 5.4 as follows.
It is easy to see that (µ0, µ1, µ2) = (1, 0, p
2 + p). We only need to calculate α1(G).
Case 1. G is one of the groups (I1)–(I4).
All maximal subgroups of G are:
N = 〈a, x,Φ(G)〉;
Ni = 〈ba
i, x,Φ(G)〉, where i = 0, 1;
Nij = 〈ax
i, bxj ,Φ(G)〉, where i, j = 0, 1.
It is easy to see that N = 〈a, x,Φ(G)〉 is the unique abelian maximal subgroup
of G. Since |N ′i | = p and d(Ni) = 3, by Lemma 2.6 (7), α1(Ni) = p
2 = 4. Since
Nij = 〈ax
i, bxj〉, α1(Nij) = p = 2.
Let H ∈ Γ2(G). Then H = 〈a
ibjxk,Φ(G)〉 where (i, j, k) 6= (0, 0, 0). It is obvious
that H ∈ A1 if and only if j 6= 0. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = p× p
2 + p2 × p− p× p2 = p3.
Case 2. G is one of the groups (I5)–(I9).
All maximal subgroups of G are:
N = 〈a1, x,Φ(G)〉;
Ni = 〈ba
i
1, x,Φ(G)〉, where 0 ≤ i ≤ p− 1;
Nij = 〈a1x
i, bxj ,Φ(G)〉, where 0 ≤ i, j ≤ p− 1.
It is easy to see that N = 〈a1, x,Φ(G)〉 is the unique abelian maximal subgroup of
G. Since |N ′i | = p and d(Ni) = 3, by Lemma 2.6, α1(Ni) = p
2. Since Nij = 〈a1x
i, bxj〉,
α1(Nij) = p.
Let H ∈ Γ2(G). Then H = 〈a
i
1b
jxk,Φ(M)〉 where (i, j, k) 6= (0, 0, 0). It is obvious
that H ∈ A1 if and only if j 6= 0. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = p× p
2 + p2 × p− p× p2 = p3.
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Case 3. G is the group (I10).
All maximal subgroups of G are:
N = 〈a, c,Φ(G)〉;
Ni = 〈ba
i, c,Φ(G)〉, where i = 0, 1;
Nij = 〈ac
i, bcj ,Φ(M)〉, where i, j = 0, 1.
It is easy to see that N = 〈a, c,Φ(G)〉 is the unique abelian maximal subgroup of
G. Since |N ′i | = p
2 = 4 and d(Ni) = 3, by Lemma 2.6, α1(Ni) = p
2+p. By calculation,
Nij = 〈ac
i, bcj〉. Hence α1(Nij) = p.
Let H ∈ Γ2(G). Then H = 〈a
ibjck,Φ(G)〉 where (i, j, k) 6= (0, 0, 0). It is obvious
that H ∈ A1 if and only if j 6= 0. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = p× (p
2 + p) + p2 × p− p× p2 = p3 + p2.
Case 4. G is the group (I11).
All maximal subgroups of G are:
N = 〈b, c,Φ(G)〉;
Ni = 〈ab
i, c,Φ(G)〉, where 0 ≤ i ≤ p− 1;
Nij = 〈ac
i, bcj ,Φ(G)〉, where 0 ≤ i, j ≤ p− 1.
It is easy to see that N = 〈b, c,Φ(G)〉 is the unique abelian maximal subgroup of
G. Since |N ′i | = p
2 and d(Ni) = 3, by Lemma 2.6, α1(Ni) = p
2 + p. By calculation,
Nij = 〈ac
i, bcj〉. Hence α1(Nij) = p.
Let H ∈ Γ2. Then H = 〈a
ibjck,Φ(G)〉 where (i, j, k) 6= (0, 0, 0). It is obvious that
H ∈ A1 if and only if i 6= 0. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = p× (p
2 + p) + p2 × p− p× p2 = p3 + p2.

Theorem 5.5. d(G) = 4 if and only if G is isomorphic to one of the following pairwise
non-isomorphic groups:
(Ji) G′ ∼= Cp and c(G) = 2. In this case, (µ0, µ1, µ2) = (1 + p, 0, p
2 + p3) and
α1(G) = p
4.
(J1) 〈a, b, x, y
∣∣ a4 = x2 = y2 = 1, b2 = a2 = [a, b], [x, a] = [x, b] = [y, a] =
[y, b] = [x, y] = 1〉 ∼= Q8 × C2 × C2; where |G| = 2
5, Φ(G) = G′ = 〈a2〉 and
Z(G) = 〈a2, x, y〉 ∼= C32 .
(J2) 〈a, b, x, y
∣∣ apn+1 = bpm = xp = yp = 1, [a, b] = apn , [x, a] = [x, b] = [y, a] =
[y, b] = [x, y] = 1〉 ∼=Mp(n+ 1,m) ×Cp × Cp; where |G| = p
n+m+3, Φ(G) =
〈ap, bp〉 ∼= Cpn × Cpm−1 if m > 1, Φ(G) ∼= Cpn if m = 1, G
′ = 〈ap
n
〉,
Z(G) = 〈ap, bp, x, y〉 ∼= Cpn × Cpm−1 × C
2
p if m > 1, Z(G)
∼= Cpn × C
2
p if
m = 1.
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(J3) 〈a, b, x, y; c
∣∣ apn = bpm = cp = xp = yp = 1, [a, b] = c, [c, a] = [c, b] = [x, a] =
[x, b] = [y, a] = [y, b] = [x, y] = 1〉 ∼= Mp(n,m, 1) × Cp × Cp, where n ≥ m,
and n ≥ 2 if p = 2; moreover, |G| = pn+m+3, Φ(G) = 〈ap, bp, c〉 ∼= Cpn−1 ×
Cpm−1 × Cp if m > 1, Φ(G) ∼= Cpn−1 × Cp if m = 1 and n > 1, Φ(G) ∼= Cp
if m = n = 1, G′ = 〈c〉, Z(G) = 〈ap, bp, c, x, y〉 ∼= Cpn−1 × Cpm−1 × C
3
p if
m > 1, Z(G) ∼= Cpn−1 × C
3
p if m = 1 and n > 1, Z(G)
∼= C3p if m = n = 1.
(J4) 〈a, b, x, y
∣∣ a4 = y2 = 1, b2 = x2 = a2 = [a, b], [x, a] = [x, b] = [y, a] =
[y, b] = [x, y] = 1〉 ∼= Q8 ∗ C4 × C2; where |G| = 2
5, Φ(G) = G′ = 〈a2〉 and
Z(G) = 〈x, y〉 ∼= C4 × C2.
(J5) 〈a, b, x, y
∣∣ apn = bpm = xp2 = yp = 1, [a, b] = xp, [x, a] = [x, b] = [y, a] =
[y, b] = [x, y] = 1〉 ∼= Mp(n,m, 1) ∗ Cp2 × Cp, where n ≥ 2 if p = 2 and
n ≥ m. Moreover, |G| = pn+m+3, Φ(G) = 〈ap, bp, xp〉 ∼= Cpn−1 ×Cpm−1 ×Cp
if m > 1, Φ(G) ∼= Cpn−1 ×Cp if m = 1 and n > 1, Φ(G) ∼= Cp if m = n = 1,
G′ = 〈xp〉, Z(G) = 〈ap, bp, x, y〉 ∼= Cpn−1 × Cpm−1 × Cp × Cp2 if m > 1,
Z(G) ∼= Cpn−1 × Cp × Cp2 if m = 1 and n > 1, Z(G) ∼= Cp × Cp2 if
m = n = 1.
(Jii) G′ ∼= C2p and c(G) = 2. In this ase, (µ0, µ1, µ2) = (1, 0, p+ p
2 + p3) and α1(G) =
p4 + p3.
(J6) K × C2, where K = 〈a, b, c
∣∣ a4 = b4 = 1, c2 = a2b2, [a, b] = b2, [c, a] =
a2, [c, b] = 1〉; and |G| = 26, Φ(G) = G′ = 〈a2, b2〉 ∼= C22 , Z(G)
∼= C32 .
(J7) K × Cp, where K = 〈a, b, d
∣∣ apm = bp2 = dp = 1, [a, b] = apm−1 , [d, a] =
bp, [d, b] = 1〉, where m ≥ 3 if p = 2; moreover, |G| = pm+4, Φ(G) =
〈ap, bp〉 ∼= Cpm−1 × Cp, G
′ = 〈ap
m−1
, bp〉, Z(G) ∼= Cpm−1 × C
2
p .
(J8) K × Cp, where K = 〈a, b, d
∣∣ apm = bp2 = dp2 = 1, [a, b] = dp, [d, a] =
bjp, [d, b] = 1〉, where (j, p) = 1, p > 2, j is a fixed quadratic non-residue
modulo p, and −4j is a quadratic non-residue modulo p; moreover, |G| =
pm+5, Φ(G) = 〈ap, bp, dp〉 ∼= Cpm−1 × C
2
p if m > 1, Φ(G)
∼= C2p if m = 1,
G′ = 〈bp, dp〉, Z(G) ∼= Cpm−1 × C
3
p if m > 1, Z(G)
∼= C3p if m = 1.
(J9) K × Cp, where K = 〈a, b, d
∣∣ apm = bp2 = dp2 = 1, [a, b] = dp, [d, a] =
bjpdp, [d, b] = 1〉, where if p is odd, then 4j = 1−ρ2r+1 with 1 ≤ r ≤ p−12 and
ρ the smallest positive integer which is a primitive root (mod p); if p = 2,
then j = 1. Moreover, |G| = pm+5, Φ(G) = 〈ap, bp, dp〉 ∼= Cpm−1 × C
2
p if
m > 1, Φ(G) ∼= C2p if m = 1, G
′ = 〈bp, dp〉, Z(G) ∼= Cpm−1 × C
3
p if m > 1,
Z(G) ∼= C3p if m = 1.
Proof By Lemma 3.5, groups (J1)–(J9) are A3-groups. By checking maximal sub-
groups of groups (J1)–(J9), we know that they are pairwise non-isomorphic. Conversely,
in the following, we prove that G is one of the groups (J1)–(J9).
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By Lemma 3.17, we have c(G) = 2, Φ(G) ≤ Z(G), all A1-subgroups of G contain
Φ(G) and G′ ≤ C3p . Let S be an abelian subgroup of index p of G and t ∈ G \ A. By
Lemma 2.8, G′ = 〈[s, t]
∣∣ s ∈ S〉.
We claim G′ ≤ C2p . Otherwise, G
′ ∼= C3p . Let M = 〈s, t〉 be an A1-subgroup of G.
Since G′ ≤M , M is not metacyclic. Hence we may assume that
M = 〈s, t
∣∣ spm = tpn = rp = 1, [s, t] = r, [r, s] = [r, t] = 1〉
and
G′ = 〈sp
m−1
, tp
n−1
, r〉.
By Lemma 2.8, there exists a ∈ S such that [a, t] = tp
n−1
. Hence 〈a, t〉 is metacyclic,
which is contrary to G′ ≤ 〈a, t〉. Hence G′ ≤ C2p .
By Lemma 2.16, there exists K ≤ G such that K ′ = G′ and d(K) = 3. Since
K ∈ A2, K is maximal in G. By Lemma 2.8,
|Z(G)| =
|G|
p|G′|
and |Z(K)| =
|K|
p|K ′|
.
It follows that Z(G) 6≤ K. Let y ∈ Z(G) \K. Then G = 〈K, y〉. By Lemma 2.5, K is
one of the groups (8)–(16) in Lemma 2.5.
Case 1. K is one of the groups (8)–(10) in Lemma 2.5. That is, K = 〈a, b〉 × 〈x〉.
Let L = 〈a, b, y〉. Then G = L × 〈x〉 and L is a group of Type (8)–(12) in Lemma
2.5. Hence we get groups (J1)–(J5).
Case 2. K is the groups (11) in Lemma 2.5. That is, K = 〈a, b, x
∣∣ a4 = 1, b2 =
x2 = a2 = [a, b], [x, a] = [x, b] = 1〉 ∼= Q8 ∗ C4.
Since y2 ∈ Φ(G) = Φ(K) = 〈x2〉, we may assume y2 = x2i. By replacing y with yxi
we have y2 = 1. Hence we get the group (J4).
Case 3. K is the group (12) in Lemma 2.5. That is, K = 〈a, b, x
∣∣ apn = bpm =
xp
2
= 1, [a, b] = xp, [x, a] = [x, b] = 1〉 ∼= Mp(n,m, 1) ∗ Cp2 , where n ≥ 2 if p = 2 and
n ≥ m.
Let L = 〈a, b, y〉. Then G = L ∗ 〈x〉 and L is one of the groups (8)–(12) in Lemma
2.5. If L is one of the groups (8)–(11) in Lemma 2.5, then it is reduced to Case 1 or 2.
Hence we may assume that L is also a group of Type (12) in Lemma 2.5. Let
L = 〈a, b, y
∣∣ apn = bpm = yp2 = 1, [a, b] = yp, [y, a] = [y, b] = 1〉.
Since xp ∈ G′ = K ′, we may assume that xp = yip. By replacing x with xy−i we have
xp = 1. Hence we get the group (J5).
Case 4. K is the group (13) in Lemma 2.5. That is, K = 〈a, b, c
∣∣ a4 = b4 = 1, c2 =
a2b2, [a, b] = b2, [c, a] = a2, [c, b] = 1〉.
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Since y2 ∈ Φ(G) = Φ(K) = 〈a2, b2〉, we may assume y2 = a2ib2j . Since |〈yai, b〉| ≤ 8,
we have [yai, b] = 1 and hence y2 = b2j = c2ja2j . Since |〈ycj , a〉| ≤ 8, we have
[ycj , a] = 1 and hence y2 = 1. Thus we get the group (J6).
Case 5. K is the group (14) in Lemma 2.5. That is, K = 〈a, b, d
∣∣ apm = bp2 = dp =
1, [a, b] = ap
m−1
, [d, a] = bp, [d, b] = 1〉, where m ≥ 3 if p = 2.
Since yp ∈ Φ(G) = Φ(K) = 〈ap, bp〉, we may assume yp = aipbjp. Since |〈yb−j , a〉| ≤
pm+1, we have [yb−j, a] = 1 and hence yp = aip. Since |〈ya−i, d〉| ≤ p3, we have
[ya−i, d] = 1 and hence ai ∈ Z(K). By replacing y with ya−i we have yp = 1. Hence
we get the group (J7).
Case 6. K is the group (15) in Lemma 2.5. That is, K = 〈a, b, d
∣∣ apm = bp2 =
dp
2
= 1, [a, b] = dp, [d, a] = bjp, [d, b] = 1〉, where (j, p) = 1, p > 2, j is a fixed quadratic
non-residue modulo p, and −4j is a quadratic non-residue modulo p.
Since yp ∈ Φ(G) = Φ(K) = 〈bp, dp〉, we may assume that yp = brpdsp. Since
|〈yb−r, a〉| ≤ pm+2, we have [yb−r, a] = 1 and hence yp = dsp. Since |〈yd−s, a〉| ≤ pm+2,
we have [yd−s, a] = 1 and hence yp = 1. Thus we get the group (J8).
Case 7. K is the group (16) in Lemma 2.5. That is, K = 〈a, b, d
∣∣ apm = bp2 =
dp
2
= 1, [a, b] = dp, [d, a] = bjpdp, [d, b] = 1〉, where if p is odd, then 4j = 1− ρ2r+1 with
1 ≤ r ≤ p−12 and ρ the smallest positive integer which is a primitive root (mod p); if
p = 2, then j = 1.
Since yp ∈ Φ(G) = Φ(K) = 〈bp, dp〉, we may assume yp = brpdsp. Since |〈yb−r, a〉| ≤
pm+2, we have [yb−r, a] = 1 and hence yp = dsp. Since |〈yd−s, a〉| ≤ pm+2, we have
[yd−s, a] = 1 and hence yp = 1. Thus we get the group (J9).
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 5.5 as follows.
Since d(G) = 4 and µ1 = 0, µ0+µ2 = 1+ p+ p
2+ p3. Let N be an A1-subgroup of
G. Since G ∈ A3, NΦ(G) ∈ Γ1 or Γ2. If NΦ(G) ∈ Γ1, then d(G) ≤ 3, a contradiction.
Hence NΦ(G) ∈ Γ2. Since G ∈ A3, NΦ(G) ∈ A1. That is, N = NΦ(G) ∈ Γ2. Hence∑
H∈Γ2
α1(H) = α1(G). By Hall’s enumeration principle, α1(G) =
∑
H∈Γ1
α1(H) −
p
∑
H∈Γ2
α1(H) =
∑
H∈Γ1
α1(H)− pα1(G). Hence α1(G) =
1
1+p
∑
H∈Γ1
α1(H).
Case 1. G is one of the groups (J1)–(J5).
Since Z(G) is of index p2, µ0 = 1 + p and hence µ2(G) = p
2 + p3. Let H ∈ Γ1. If
H is not abelian, then |H ′| = p. By Lemma 2.6, α1(H) = p
2. Hence
α1(G) =
1
1 + p
∑
H∈Γ1
α1(H) =
1
1 + p
µ2p
2 = p4.
Case 2. G is one of the groups (J6)–(J9).
Let A be the unique abelian maximal subgroup of K. Then A × 〈x〉 is the unique
abelian maximal subgroup of G. Other maximal subgroups of G are:
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Ni =Mi × 〈x〉, where Mi are non-abelian maximal subgroups of K;
Nijk = 〈ax
i, bxj , dxk〉 (or 〈axi, bxj , dxk〉 for (J6)), where 0 ≤ i, j, k ≤ p− 1.
It is easy to see that |N ′i | = p. By Lemma 2.6, α1(Ni) = p
2. Since Nijk ∼= K,
α1(Nijk) = p+ p
2. Hence
α1(G) =
1
1 + p
∑
H∈Γ1
α1(H) =
1
1 + p
((p + p2)p2 + p3(p+ p2)) = p3 + p4.

5.2 G has no abelian subgroup of index p
In this section assume G is an A3-group without an abelian subgroup of index p and
an A1-subgroup of index p in Theorem 5.6, 5.7, 5.13, 5.15 and 5.16.
Theorem 5.6. Suppose that G is a p-group all of whose maximal subgroups are A2-
groups, and every maximal subgroup of G is generated by two elements. Then G is an
A3-group if and only if G is isomorphic to one of the following pairwise non-isomorphic
groups:
(Ki) G is metacyclic. In this case, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) = 1 + p+ p
2.
(K1) 〈a, b
∣∣ apr+3 = 1, bpr+s+t = apr+s, [a, b] = apr〉, where p > 2 and r, s, t are
non-negative integers with r ≥ 1 and r + s ≥ 3; |G| = p2r+s+t+3, c(G) = 4
for r = 1; c(G) = 3 for r = 2 and c(G) = 2 for r > 2, Φ(G) = 〈ap, bp〉 ∼=
Mp(r + 2, r + s+ t− 1) if s ≥ 3, Φ(G) = 〈a
p, bp〉 ∼= Mp(r + t+ 2, r + s− 1)
if s < 3; moreover, G′ = 〈ap
r
〉 ∼= Cp3, Z(G) = 〈a
p3 , bp
3
〉 ∼= Cpr ×Cpr+t+s−3 if
s ≥ 3, Z(G) = 〈ap
3
, bp
3
〉 ∼= Cpr+s−3 × Cpr+t if s < 3.
(K2) 〈a, b
∣∣ a2r+3 = 1, b2r+s+t = a2r+s , [a, b] = a2r〉, where r, s, t are non-negative
integers with r ≥ 2 and r + s ≥ 3. Moreover, |G| = 22r+s+t+3, c(G) = 3 for
r = 2 and c(G) = 2 for r > 2, Φ(G) = 〈a2, b2〉 ∼= M2(r + 2, r + s + t− 1) if
s ≥ 3, Φ(G) = 〈a2, b2〉 ∼=M2(r+ t+2, r+ s− 1) if s < 3; G
′ = 〈a2
r
〉 ∼= C23 ,
Z(G) = 〈a8, b8〉 ∼= C2r × C2r+t+s−3 if s ≥ 3, Z(G) = 〈a
23 , b2
3
〉 ∼= C2r+s−3 ×
C2r+t if s < 3.
(Kii) G is not metacyclic. In this case, p > 2, |G| = p6, (µ0, µ1, µ2) = (0, 0, 1 + p) and
α1(G) = p+ p
2.
(K3) 〈a, b; c
∣∣ ap2 = bp2 = cp2 = 1, [a, b] = c, [c, b] = apcmp, [c, a] = bνpcnp, [a, bp] =
[ap, b] = cp, [c, ap] = [c, bp] = [cp, a] = [cp, b] = 1〉, where ν is a fixed quadratic
non-residue modulo p. The parameters m,n are the smallest positive integers
satisfying (m−1)2−ν−1(n+ν)2 ≡ r(mod p), for r = 0, 1, . . . , p−1; moreover,
|G| = p6, c(G) = 4, Φ(G) = G′ = 〈ap, bp, c〉 ∼= Cp × Cp × Cp2 and Z(G) =
〈cp〉 ∼= Cp.
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(K4) 〈a, b; c, d
∣∣ a9 = b9 = c3 = d3 = 1, [a, b] = c, [c, b] = a3, [c, a] = b−3, [a3, b] =
[a, b3] = d, [d, a] = [d, b] = 1〉; where |G| = 36, c(G) = 4, Φ(G) = G′ =
〈a3, b3, c, d〉 ∼= C43 and Z(G) = 〈d〉
∼= C3.
(K5) 〈a, b; c, d
∣∣ a9 = b9 = c3 = d3 = 1, [a, b] = c, [c, b] = a3d, [c, a] = b−3d, [a3, b] =
[a, b3] = d, [d, a] = [d, b] = 1〉, where |G| = 36, c(G) = 4, Φ(G) = G′ =
〈a3, b3, c, d〉 ∼= C43 and Z(G) = 〈d〉
∼= C3.
Proof Since all non-abelian proper subgroups of G are generated by two elements, G
is one of the groups classified in [29]. It follows from [29, Main Theorem], G is either
a metacyclic group or a 3-group of maximal class or the group in [29, Theorem 5.5 &
5.6].
If G is metacyclic, then |G′| = p3 by Lemma 3.1. By using the classification of
metacyclic p-groups in [28, 30] and checking their maximal subgroups,, we get the
groups (K1)–(K2). The details is omitted.
If G is of maximal class, then, by Lemma 2.4, G does not satisfy the hypothesis.
If G is the group in [29, Theorem 5.5], then G is the group (K3). If G is the group
in [29, Theorem 5.6], then G is the group (K4)–(K5).
Since d(G) = 2, (µ0, µ1, µ2) = (0, 0, 1 + p). If G is one of the groups (K1)–(K2),
the G is metacyclic and Φ(G) ∈ A1. Let H ∈ Γ1. Then H is also metacyclic and
α1(H) = 1 + p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = µ2(1 + p)− p = p
2 + p+ 1.
If G is one of the groups (K3)–(K5), then Φ(G) is abelian. Let H ∈ Γ1. Then
α1(H) = p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = µ2p = p
2 + p.

Theorem 5.7. Suppose that |G| = pn and G is an A3-group. If G has a three-generator
maximal subgroup M such that d(M) = 3 and M ′ 6≤ Z(G), then p ≥ 5, n = 6, all
maximal subgroup of G are A2-groups and G is one of the following non-isomorphic
groups:
(L1) 〈x,m; a
∣∣ xp2 = mp2 = ap2 = 1, [x,m] = a, [a, x] = xp, [a,m] = m−p〉; where
|G| = p6, c(G) = 4, Φ(G) = G′ = 〈a, xp,mp〉 ∼= C2p × Cp2 and Z(G) = 〈a
p〉 ∼= Cp.
(L2) 〈x,m; a
∣∣ xp2 = mp2 = ap2 = 1, [x,m] = a, [a, x] = xpap, [a,m] = m−pavp〉, where
v ∈ Fp. Moreover, |G| = p
6, c(G) = 4, Φ(G) = G′ = 〈a, xp,mp〉 ∼= C2p × Cp2 and
Z(G) = 〈ap〉 ∼= Cp.
Moreover, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) = 3p
2 + p.
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Proof By Lemma 3.16, we may assume |M ′| ≤ p2. If |M ′| = p, then M ′ ≤ Z(G).
Hence |M ′| = p2. It follows from Lemma 2.6(4) that c(M) = 2, M ′ ∼= C2p , Φ(M) =
℧1(M) = Z(M), M has a unique abelian subgroup A of index p and A/M ′ has type
(pn−6, p, p). Since A is characteristic in M and M E G, we have A E G. We take
x ∈ G \M and let H = 〈x,M ′〉. Then H is not abelian since M ′  Z(G). Moreover,
|H ′| = p, H ′ ≤ M ′ and H ′ ≤ Z(G). By Lemma 2.2 we have H is an A1-group. It
follows that |H| ≥ pn−2. Hence o(xM ′) ≥ pn−4. We will prove that
(1) Φ(G) ≤ A.
Otherwise, G/A is cyclic, G = 〈x,A〉 andM = 〈xp, A〉. Since xp
2
∈ ℧1(M) = Z(M),
we have xp
2
∈ Z(G). If follows that
|Z(G)/H ′| = |Z(G)/Z(G) ∩M ′| = |Z(G)M ′/M ′| ≥ o(xp
2
M ′) ≥ pn−6.
Hence |Z(G)| ≥ pn−5. By Lemma 2.8, |G′| = |A/Z(G)| ≤ p3. Then G3 ≤M
′, c(G) ≤ 4
and G4 ≤ Z(G). Since G
′ ≥ M ′ ∼= C2p , d(G
′) ≥ 2 and hence |Φ(G′)| ≤ p. It follows
that Φ(G′) ≤ H ′.
We claim that [x,w, x](
p
2) ∈ Z(G) for all w ∈ G. Otherwise, we may assume that
p = 2 since [x,w, x](
p
2) ∈ Φ(G′) ≤ Z(G) for p > 2. In this case, [x,w, x, x] 6= 1. Let
L = 〈[x,w], x〉. Then c(L) = 3. Since G is an A3-group, L is an A2-group. By Lemma
2.6 (6), L′ ∼= C4. On the other hand, L
′ ≤ G3 ≤M
′, a contradiction.
Since [xp, w] ≡ [x,w]p[x,w, x](
p
2) (mod G4) and Φ(G
′) ≤ Z(G), [xp, w] ∈ Z(G). By
Lemma 2.8, M ′ = {[xp, a]
∣∣ a ∈ A} ≤ Z(G), a contradiction.
(2) |G| = p6, o(xM ′) = p2 and xp ∈ A \M ′.
By (1), xp ∈ A. Since o(xM ′) ≥ pn−4, we have o(xpM ′) ≥ pn−5 and hence
exp(A/M ′) ≥ pn−5. On the other hand, A/M ′ has type (pn−6, p, p). If n ≥ 7, then
exp(A/M ′) = pn−6, a contradiction. Hence n = 6, exp(A/M ′) = p, o(xM ′) = p2 and
xp ∈ A \M ′.
(3) G = 〈x,m; a
∣∣ xp2 = mp2 = ap2 = 1, [x,m] = a, [a, x] = xpaup, [a,m] = m−pavp〉,
where u, v ∈ Fp.
Let A = 〈xp, a,M ′〉 and M = 〈m,A〉. Then M ′ = 〈[m,xp]〉 × 〈[m,a]〉. Since
[xp, x,m] = 1 and [x,m, xp] = 1, we have [m,xp, x] = 1 by Witt’s formula. Hence
Z = 〈[m,xp]〉. SinceM ′  Z(G), [m,a, x] 6= 1. Let [m,a, x] = [m,xp]i, where (i, p) = 1.
By calculation we have
[[a, x]x−ip,m] = [a, x,m][x−ip,m] = [a, x,m][m,a, x] = 1.
It follows that [a, x]x−ip ∈ Z(M) =M ′.
We claim that xp
2
= 1. Otherwise, [a, x]p 6= 1. Hence 〈a, x〉 ∈ A2. By Lemma
2.6 (7), 〈a, x〉 is metacyclic. If p > 2, then [a, xp] = [a, x]p 6= 1, a contradiction. If
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p = 2, then, by calculation, we have 1 = [a, x2] = [a, x]2[a, x, x]. Hence [a, x, x] = x4.
By calculation, [a2, x] = [a, x]2[a, x, a] = x4. Hence a2 6∈ Z(G). It follows that M ′ =
〈a2, x4〉. Since [a, x, x] 6= 1, we have [a, x] ≡ x2a2 (mod Z(G)). By calculation we have
〈a2, ax〉 ∼= D8, which is contrary to that G is an A3-group. Hence x
p2 = 1.
By Lemma 2.6 (4), exp(A) > p. It follows that ap 6= 1. Since [ap, x] = [a, x]p = 1,
Z(G) = 〈ap〉 and hence M ′ = 〈ap, [a,m]〉.
We claim p > 2. Otherwise, since [a, x2] = 1, we have [a, x, x] = 1. Hence we may
assume [a, x] = x2a2u. By calculation we have 〈[a,m], ax〉 ∼= D8, which is contrary to
that G is an A3-group. Hence p ≥ 3.
Since [a, x, x] ∈ H ′, we may assume [a, x, x] = asp. Since 1 6= [a,m, x] ∈ H ′, we may
assume [a,m, x] = atp where (t, p) = 1. Let j = −2−1t−1s. Then
[a,mjx,mjx] = [a, x, x][a, x,m]j [a,m, x]j = a(s+2jtp) = 1.
By replacing x with xmj we have [a, x, x] = 1.
Since [xp,m] 6= 1, we have [x,m]p 6= 1 and [x,mp] 6= 1. HenceM ′ = 〈ap,mp〉 and we
may assume [x,m] ≡ av (mod 〈xp,M ′〉), where (v, p) = 1. By replacing m with mv
−1
we have [x,m] ≡ a (mod 〈xp,M ′〉). Without loss of generality assume that [x,m] = a.
Hence G = 〈x,m〉 satisfy the following relations:
xp
2
= mp
2
= ap
2
= 1, [x,m] = a, [a, x] ≡ xip (mod 〈ap〉), [a,m] ≡ mjp (mod 〈ap〉).
By replacingm and a withmi
−1
and [x,mi
−1
] respectively, we have [a, x] ≡ xp (mod 〈ap〉).
Since G is metabelian, we have [a, x,m] = [a,m, x]. It follows that j = −1. If p = 3,
then 〈x3, xm〉 is not abelian and is of order 33, which is contrary to that G is an
A3-group. Hence p ≥ 5 and we may assume that
G = 〈x,m; a
∣∣ xp2 = mp2 = ap2 = 1, [x,m] = a, [a, x] = xpaup, [a,m] = m−pavp〉,
where u, v ∈ Fp.
(4) Two groups with parameters (u, v) and (u′, v′) are pairwise isomorphic if and
only if there exists t ∈ F ∗p such that (u
′, v′) = (u, v)
[
t
t−1
]
or (u′, v′) = (v, u)
[
t
t−1
]
.
Suppose that G = 〈x,m, a〉 and G¯ = 〈x¯, m¯, a¯〉 with parameters (u, v) and (u′, v′)
respectively. Let θ be an isomorphism from G¯ to G. Assume that
x¯θ = xs11ms12as13r1, m¯
θ = xs21ms22as23r2,
where sij ∈ Fp such that s := s11s22 − s12s21 ∈ F
∗
p and r1, r2 ∈ G3.
By calculation, a¯θ = [x¯, m¯]θ ≡ as (mod G3). Since [a¯
θ, x¯θ] ≡ (x¯p)θ ≡ (x¯θ)p (mod G4),
we have [as, xs11ms12 ] ≡ (xs11ms12)p (mod G4). Comparing indexes of x
p and mp in
two sides, we have ss11 = s11 and ss12 = −s12. Since [a¯
θ, m¯θ] = (m¯−p)θ = (m¯θ)−p, we
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have [as, xs21ms22 ] ≡ (xs21ms22)−p (mod G4). Comparing indexes of x
p and mp in two
sides, we have ss21 = −s21 and ss22 = s22. It follows that
s11s22 = 1, s12 = s21 = 0 or s11 = s22 = 0, s12s21 = 1.
If s11s22 = 1 and s12 = s21 = 0, then, by calculation,
a¯θ = [x¯, m¯]θ = [xs11as13 ,ms22as23 ] ≡ ax−s23s11pm−s13s22p (mod G4).
Since
[a¯θ, x¯θ] = (x¯pa¯u
′p)θ = (x¯θ)p(a¯θ)u
′p,
we have
[ax−s23s11pm−s13s22p, xs11 ] = (xs11as13)pau
′p.
Comparing index of ap in two sides, we have
s11u = u
′. (1)
Since
[a¯θ, m¯θ] = (m¯−pa¯v
′p)θ = (m¯θ)−p(a¯θ)v
′p,
we have
[ax−s23s11p,ms22 ] = (ms22as23)−pav
′p.
Comparing index of ap in two sides, we have
s22v = v
′. (2)
Let t = s11. Then (u
′, v′) = (u, v)
[
t
t−1
]
.
On the other hand, if there exists t ∈ F ∗p such that (u
′, v′) = (u, v)
[
t
t−1
]
, then
θ : x¯ 7→ xt, m¯ 7→ mt
−1
is an isomorphism from G¯ to G.
If s11 = s22 = 0 and s12s21 = 1, then, by calculation,
a¯θ = [x¯, m¯]θ = [ms12as13 , xs21as23 ] ≡ a−1xs13s21pms12s23p (mod G4).
Since
[a¯θ, x¯θ] = (x¯pa¯u
′p)θ = (x¯θ)p(a¯θ)u
′p,
we deduce that
[a−1xs13s21pms12s23p,ms12 ] = (ms12as13)pau
′p.
Comparing index of ap in two sides, we have
− s12v = u
′. (3)
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Since
[a¯θ, m¯θ] = (m¯−pa¯v
′p)θ = (m¯θ)−p(a¯θ)v
′p,
we deduce that
[a−1xs13s21pms12s23p, xs21 ] = (xs21as23)−pav
′p.
Comparing index of ap in two sides, we have
− s21u = v
′. (4)
Let t = −s12. Then (u
′, v′) = (v, u)
[
t
t−1
]
.
On the other hand, if there exists t ∈ F ∗p such that (u
′, v′) = (v, u)
[
t
t−1
]
, then
θ : x¯ 7→ m−t, m¯ 7→ x−t
−1
is an isomorphism from G¯ to G.
(5) G is one of the groups in the theorem. That is, we may assume that u = v = 0
or u = 1.
If u = v = 0, then G is the group (L1). If u 6= 0, then, replacing x and m with xu
−1
and mu respectively, G is the group (L2). If v 6= 0, then, replacing x and m with mv
−1
and xv respectively, G is the group (L2).
By (4), groups in Theorem 5.7 are pairwise non-isomorphic.
Now we calculate (µ0, µ1, µ2) and α1(G).
Since d(G) = 2, (µ0, µ1, µ2) = (0, 0, 1 + p). All maximal subgroups of G are:
M = 〈a, x,Φ(G)〉;
Mi = 〈a,mx
i,Φ(G)〉, where 0 ≤ i ≤ p− 1.
It is easy to see that M = 〈a, x,mp〉 such that |M ′| = p2 and d(M) = 3. Hence
α1(M) = p
2 + p and Φ(G) is the unique abelian maximal subgroup of M . Similarly,
M0 = 〈a,m, x
p〉 and α(M0) = p
2 + p. By calculation, d(Mi) = 2 for i 6= 0. Hence
α1(Mi) = p for i 6= 0. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = 2× (p+ p
2) + (p − 1)× p = 3p2 + p.

Lemma 5.8. Suppose that G(i, j) = 〈b, a1; a2, a3
∣∣ bp2 = ap1 = ap2 = ap3 = 1, [a1, b] =
a2, [a2, b] = a3, [a3, b] = b
ip, [a2, a1] = b
jp, [a3, a1] = 1〉, where i, j ∈ F
∗
p and p ≥ 5.
(1) If G = G(i, j), then |G| = p5, G′ = 〈a2, a3, b
p〉, G3 = 〈a3, b
p〉, G4 = 〈b
p〉, G ∈ A3,
and M = 〈bp, a1, a2, a3〉 is the unique three-generator maximal subgroup of G;
(2) G(i, j) ∼= G(i′, j′) if and only if there exist r, s ∈ F ∗p such that j
′ = s2j and
i′ = r2si.
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Proof (1) Let
K = 〈a2, a1; d
∣∣ ap2 = ap1 = dp = 1, [a2, a1] = dj , [d, a1] = [d, a2] = 1〉 × 〈a3〉.
We define an automorphism β of K as follows:
aβ2 = a2a3, a
β
1 = a1a2 and a
β
3 = a3d
i.
Then o(β) = p. It follows from the cyclic extension theory that G = 〈K, b〉 is a cyclic
extension of K by Cp. Hence |G| = p
5. It is easy to verify that G′ = 〈a2, a3, b
p〉,
G3 = 〈a3, b
p〉, G4 = 〈b
p〉, G ∈ A3, andM = 〈b
p, a1, a2, a3〉 is the unique three-generator
maximal subgroup of G.
(2) For convenience, let G = 〈b, a1, a2, a3〉 ∼= G(i, j), G¯ = 〈b¯, a¯1, a¯2, a¯3〉 ∼= G(i
′, j′)
and θ be an isomorphism from G¯ toG. SinceM = 〈bp, a1, a2, a3〉 and M¯ = 〈b¯
p, a¯1, a¯2, a¯3〉
are the unique three-generator maximal subgroups of G and G¯ respectively, we have
M¯θ = M . Hence we may assume that b¯θ = brx and a¯θ1 = a
s
1y, where r, s ∈ F
∗
p and
x ∈M , y ∈ Φ(G).
By calculation we have a¯θ2 = [a¯1, b¯]
θ ≡ ars2 (mod G3), a¯
θ
3 = [a¯2, b¯]
θ ≡ ar
2s
3 (mod G4).
Since [a¯θ2, a¯
θ
1] = (b¯
j′p)θ = (b¯θ)j
′p, we have [ars2 , a
s
1] = b
rj′p. Left side of the equation
is brs
2jp. By comparing index of bp in two sides we have j′ = s2j.
Since [a¯θ3, b¯
θ] = (b¯i
′p)θ = (b¯θ)i
′p, we have [ar
2s
3 , b
r] = bri
′p. Left side of the equation
is br
3sip. By comparing index of bp in two sides we have i′ = r2si.
On the other hand, if there exist r, s ∈ F ∗p such that j
′ = s2j and i′ = r2si, then,
θ : a¯1 → a
s
1, b¯→ b
r is an isomorphism from G¯ to G. 
Lemma 5.9. Suppose that G(i, j) = 〈b, a1; a2, a3
∣∣ bp = ap21 = ap2 = ap3 = 1, [a1, b] =
a2, [a2, b] = a3, [a3, b] = a
ip
1 , [a2, a1] = a
jp
1 , [a3, a1] = 1〉, where i, j ∈ F
∗
p and p ≥ 5.
(1) If G = G(i, j), then |G| = p5, G′ = 〈a2, a3, a
p
1〉, G3 = 〈a3, a
p
1〉, G4 = 〈a
p
1〉, G ∈ A3,
and M = 〈a1, a2, a3〉 is the unique three-generator maximal subgroup of G;
(2) G(i, j) ∼= G(i′, j′) if and only if there exist r, s ∈ F ∗p such that j
′ = rsj and
i′ = r3i.
Proof (1) Let
K = 〈a2, a1
∣∣ ap2 = ap21 = 1, [a2, a1] = aip1 〉 × 〈a3〉.
We define an automorphism β of K as follows:
aβ2 = a2a3, a
β
1 = a1a2 and a
β
3 = a3a
ip
1 .
Then o(β) = p. Hence G = K ⋊ 〈b〉 and |G| = p5. It is easy to verify that G′ =
〈a2, a3, a
p
1〉, G3 = 〈a3, a
p
1〉, G4 = 〈a
p
1〉, G ∈ A3, and M = 〈a1, a2, a3〉 is the unique
three-generator maximal subgroup of G.
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(2) For convenience, let G = 〈b, a1, a2, a3〉 ∼= G(i, j), G¯ = 〈b¯, a¯1, a¯2, a¯3〉 ∼= G(i
′, j′)
and θ be an isomorphism from G¯ to G. Since M = 〈a1, a2, a3〉 and M¯ = 〈a¯1, a¯2, a¯3〉
are the unique three-generator maximal subgroups of G and G¯ respectively, we have
M¯θ = M . Hence we may assume that b¯θ = brx, a¯θ1 = a
s
1y, where r, s ∈ F
∗
p and
x ∈ Ω1(M), y ∈ Φ(G).
By calculation we have a¯θ2 = [a¯1, b¯]
θ ≡ ars2 (mod G3). a¯
θ
3 = [a¯2, b¯]
θ ≡ ar
2s
3 (mod G4).
Since [a¯θ2, a¯
θ
1] = (a¯
j′p
1 )
θ = (a¯θ1)
j′p, we have [ars2 , a
s
1] = a
sj′p
1 . Left side of the equation
is ars
2jp
1 . By comparing index of a
p
1 in two sides we have j
′ = rsj.
Since [a¯θ3, b¯
θ] = (a¯i
′p
1 )
θ = (a¯θ1)
i′p, we have [ar
2s
3 , b
r] = asi
′p
1 . Left side of the equation
is ar
3sip
1 . By comparing index of a
p
1 in two sides we have i
′ = r3i.
On the other hand, if there exist r, s ∈ F ∗p such that j
′ = rsj and i′ = r3i, then θ :
a¯1 → a
s
1, b¯→ b
r is an isomorphism from G¯ to G. 
Lemma 5.10. Suppose that p ≥ 3 and G = G(r, s) = 〈b, a1; a2
∣∣ bp3 = ap21 = ap22 =
1, [a1, b] = a2, [a2, a1] = b
ν1p2arp2 , [a2, b] = a
ν2p
1 a
sp
2 〉, where r, s ∈ Fp and ν1, ν2 = 1 or a
fixed quadratic non-residue modula p. Then
(1) |G| = p7, G′ = 〈ap1, a2, b
p2〉, G3 = 〈a
p
1, a
p
2, b
p2〉, G4 = 〈a
p
2〉, Z(G) ∩ G
′ = 〈ap2, b
p2〉
and M = 〈bp, a1, a2〉 is the unique three-generator maximal subgroup of G;
(2) G is one of the following non-isomorphic groups:
(i) 〈b, a1; a2
∣∣ bp3 = ap21 = ap22 = 1, [a1, b] = a2, [a2, a1] = bν1p2 , [a2, b] = aν2p1 asp2 〉,
where ν1, ν2 = 1 or a fixed quadratic non-residue modula p and s = ν2, ν2 +
1, . . . , ν2 +
p−1
2 ;
(ii) 〈b, a1; a2
∣∣ bp3 = ap21 = ap22 = 1, [a1, b] = a2, [a2, a1] = bν1p2arp2 , [a2, b] =
aν2p1 〉, where ν1, ν2 = 1 or a fixed quadratic non-residue modula p and r =
1, 2, . . . , p−12 .
(3) [ap1, b] = a
p
2;
(4) all maximal subgroups of G, except M , are A2-groups;
(5) If p = 3 and ν2 = −1, then |M
′| = 3 and G ∈ A3;
(6) If p = 3 and ν2 = 1, then |M
′| = 9, and G ∈ A3 if and only if r
2 + 4ν1 is not a
square;
(7) If p ≥ 5, then |M ′| = p2, and G ∈ A3 if and only if r
2 − 4ν1 is not a square.
Proof (1) Let
K = 〈a2, a1; d
∣∣ ap22 = ap21 = dp = 1, [a2, a1] = d〉.
We define an automorphism β of K as follows:
aβ2 = a2a
ν2p
1 a
sp
2 , a
β
1 = a1a2.
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Then
aβ
p
2 = a2, a
βp
2
1 = 1, o(β) ≤ p
2.
It follows from the cyclic extension theory that G = 〈K, b〉 is a cyclic extension of K
by Cp2 . Hence |G| = p
7. It is easy to check that G′ = 〈ap1, a2, b
p2〉, G3 = 〈a
p
1, a
p
2, b
p2〉,
G4 = 〈a
p
2〉, Z(G) ∩ G
′ = 〈ap2, b
p2〉 and M = 〈bp, a1, a2〉 is the unique three-generator
maximal subgroup of G.
(2) For convenience, let G = 〈b, a1, a2〉 ∼= G(r, s), G¯ = 〈b¯, a¯1, a¯2〉 ∼= G(r
′, s′) and θ
be an isomorphism from G¯ to G. Since M = 〈bp, a1, a2〉 and M¯ = 〈b¯
p, a¯1, a¯2〉 are the
unique three-generator maximal subgroups of G and G¯ respectively, we have M¯θ =M .
Hence we may assume that b¯θ = blam1 x, a¯
θ
1 = a
i
1a
j
2b
kpy, where l, i ∈ F ∗p and x ∈ Φ(G),
y ∈ ℧1(M).
By calculation, a¯θ2 = [a¯1, b¯]
θ ≡ ail2 (mod G3).
Since [a¯θ2, a¯
θ
1] = (b¯
ν1p2 a¯r
′p
2 )
θ = (b¯θ)ν1p
2
(a¯θ2)
r′p, we have [ail2 , a
i
1] = b
lν1p2ailr
′p
2 . Left
side of above equation is bi
2lν1p2ai
2lrp
2 . Comparing indexes of b
p2 and ap2 in two sides,
we have i2 = 1 and r′ = ir.
Since [a¯θ2, b¯
θ, b¯θ] = (a¯ν2p2 )
θ = (a¯θ2)
ν2p, we have [ail2 , b
l, bl] = ailν2p2 . Left side of above
equation is ail
3ν2p
2 . Comparing index of a
p
2 in two sides, we have l
2 = 1.
By calculation we have
a¯θ2 = [a¯1, b¯]
θ = [ai1a
j
2b
kpy, blam1 ] ≡ [a
i
1a
j
2, b
l] (mod Z(G) ∩G′).
Moreover, by calculation we have
a¯θ2 ≡ a
i
2a
jν2p
1 (mod Z(G) ∩G
′) for l = 1
and
a¯θ2 ≡ a
−i
2 a
(i−j)ν2p
1 (mod Z(G) ∩G
′) for l = −1.
We have [a¯θ2, b¯
θ] = (a¯ν2p1 a¯
s′p
2 )
θ = (a¯θ1)
ν2p(a¯θ2)
s′p.
If l = 1, then we have [ai2a
jν2p
1 , ba
m
1 ] = (a
i
1a
j
2b
kp)ν2pais
′p
2 . Left side of above equation
is bimν1p
2
aimrp2 a
iν2p
1 a
isp
2 a
jv2p
2 . Comparing indexes of b
p2 , ap1 and a
p
2 in two sides, we have
s′ = s+ ikν2ν
−1
1 r.
If l = −1, then we have [a−i2 a
(i−j)ν2p
1 , b
−1am1 ] = (a
i
1a
j
2b
kp)ν2pa−is
′p
2 . Left side of above
equation is b−imν1p
2
a−imrp2 a
iν2p
1 a
isp
2 a
−iν2p
2 a
(j−i)ν2p
2 . Comparing indexes of b
p2 , ap1 and a
p
2
in two sides, we have s′ + s = 2ν2 + ikν2ν
−1
1 r.
On the other hand, if there exists i, k such that i2 = 1, r′ = ir and s′ + s =
2ν2+ ikν2ν
−1
2 r, then, θ : a¯1 → a
i
1b
kp, b¯→ b−1a
−ikν2ν
−1
1
1 is an isomorphism from G¯ to G.
By above argument, if r = 0, then G is a group of Type (i), and if r 6= 0, then G is
a group of Type (ii).
(3) By calculation we have [ap1, b] = [a1, b]
p[a1, b, a1]
(p2)[a1, b, a1, a1]
(p3) = ap2.
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(4) Let N be a maximal subgroup of G such that N 6= M . Then we may assume
N = 〈bai1,Φ(G)〉. By calculation we have [a2, ba
i
1, ba
i
1] = [a
ν2p
1 , ba
i
1] = a
ν2p
2 . Hence
N = 〈bai1, a2〉 is isomorphic to a group of Type (6) of Lemma 2.5. Thus N ∈ A2.
(5) By calculation, [a1, b
3] = [a1, b]
3[a1, b, b]
3[a1, b, b, b] = a
3
2[a
−3
1 , b] = 1. Since
M ′ = 〈[a1, b
3], [a2, a1]〉, |M
′| = 3. Moreover, M = 〈a2, a1〉 ∗ 〈b
3ν1ar2〉. By Lemma 3.5 (2)
we get M ∈ A2. By (4) we get G ∈ A3.
(6) By calculation, [a1, b
3] = [a1, b]
3[a1, b, b]
3[a1, b, b, b] = a
3
2[a
3
1, b] = a
−3
2 . Since
M ′ = 〈[a1, b
3], [a2, a1]〉, |M
′| = 9. By (4) we get G ∈ A3 if and only if M ∈ A2.
Moreover, we claim that M ∈ A2 if and only if r
2 + 4ν1 is not a square.
If M ∈ A2, then 〈a2a
x
1 , b
3ay1,Φ(M)〉 is either abelian or minimal non-abelian, where
x, y ∈ F3. For x 6= 0 or y 6= 0, since [a2a
x
1 , b
3ay1] = b
9yν1a3yr2 a
−3x
2 6= 1, we have
〈a2a
x
1 , b
3ay1〉 is minimal non-abelian. Hence Φ(M) ≤ 〈a2a
x
1 , b
3ay1〉. Moreover, Φ(M) =
〈a3x1 a
3
2, a
3y
1 b
9, a
3(yr−x)
2 b
9yν1〉. It follows that the equation
∣∣∣∣∣∣
x 1 0
y 0 1
0 yr − x yν1
∣∣∣∣∣∣ = 0 only
has solution x = y = 0. That is, the equation x2 − xyr − y2ν1 = 0 only has solution
x = y = 0. Hence r2+4ν1 is not a square. Conversely, if r
2+4ν1 is not a square, then,
by above argument, 〈a2a
x
1 , b
3ay1,Φ(M)〉 is either abelian or minimal non-abelian. It is
easy to see that 〈a1, b
3,Φ(M)〉 and 〈a1, a2b
3z,Φ(M)〉 are minimal non-abelian. Hence
all maximal subgroups of M are abelian or minimal non-abelian. That is , M ∈ A2.
(7) By calculation, [a1, b
p] = [a1, b]
p = ap2. Since M
′ = 〈[a1, b
p], [a2, a1]〉, |M
′| = p2.
By (4) we get G ∈ A3 if and only if M ∈ A2. Moreover, we claim that M ∈ A2 if and
only if r2 − 4ν1 is not a square.
If M ∈ A2, then 〈a2a
x
1 , b
pay1,Φ(M)〉 is either abelian or minimal non-abelian, where
x, y ∈ Fp. For x 6= 0 or y 6= 0, since [a2a
x
1 , b
pay1] = b
yν1p2ayrp2 a
xp
2 6= 1, we have
〈a2a
x
1 , b
pay1〉 is minimal non-abelian. Hence Φ(M) ≤ 〈a2a
x
1 , b
pay1〉. Moreover, Φ(M) =
〈axp1 a
p
2, a
yp
1 b
p2 , a
(yr+x)p
2 b
yν1p〉. It follows that the equation
∣∣∣∣∣∣
x 1 0
y 0 1
0 yr + x yν1
∣∣∣∣∣∣ = 0 only
has solution x = y = 0. That is, the equation x2 + xyr + y2ν1 = 0 only has solution
x = y = 0. Hence r2− 4ν1 is not a square. Conversely, if r
2− 4ν1 is not a square, then,
by above argument, 〈a2a
x
1 , b
pay1,Φ(M)〉 is either abelian or minimal non-abelian. It is
easy to see that 〈a1, b
p,Φ(M)〉 and 〈a1, a2b
zp,Φ(M)〉 are minimal non-abelian. Hence
all maximal subgroups of M are abelian or minimal non-abelian. That is , M ∈ A2. 
Lemma 5.11. Suppose that G(ν, t) = 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bp2 = atp2 , [a1, b] =
a2, [a2, a1] = a
p
2, [a2, b] = a
νp
1 〉, where t ∈ Fp, ν = 1 or a fixed quadratic non-residue
modulo p.
(1) If G = G(ν, t), then |G| = p6, G′ = 〈ap1, a2〉, G3 = 〈a
p
1, a
p
2〉, G4 = 〈a
p
2〉, G ∈ A3,
and M = 〈bp, a1, a2〉 is the unique three-generator maximal subgroup of G;
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(2) G(ν, t) ∼= G(ν ′, t′) if and only if (ν ′, t′) = (ν, t).
Proof (1) Let
K = 〈a2, a1
∣∣ ap22 = ap21 = 1, [a2, a1] = ap2〉.
We define an automorphism β of K as follows:
aβ2 = a2a
νp
1 , a
β
1 = a1a2.
Then aβ
p
2 = a2, a
βp
2
1 = a1, o(β) ≤ p
2. It follows from the cyclic extension theory
that G = 〈K, b〉 is a cyclic extension of K by Cp2 . Hence |G| = p
6. It is easy to
check that G′ = 〈ap1, a2〉, G3 = 〈a
p
1, a
p
2〉, G4 = 〈a
p
2〉 and M = 〈b
p, a1, a2〉 is the unique
three-generator maximal subgroup of G.
(2) For convenience, let G = 〈b, a1, a2〉 ∼= G(ν, t), G¯ = 〈b¯, a¯1, a¯2〉 ∼= G(ν
′, t′) and θ
be an isomorphism from G¯ to G. Since M = 〈bp, a1, a2〉 and M¯ = 〈b¯
p, a¯1, a¯2〉 are the
unique three-generator maximal subgroups of G and G¯ respectively, we have M¯θ =M .
Hence we may assume that b¯θ = blx and a¯θ1 = a
i
1y, where l, i ∈ F
∗
p and x ∈ M ,
y ∈ Φ(G).
By calculation, a¯θ2 = [a¯1, b¯]
θ ≡ ail2 (mod G3).
Since [a¯θ2, a¯
θ
1] = (a¯
p
2)
θ = (a¯θ2)
p, we have [ail2 , a
i
1] = a
ilp
2 . Left side of above equation is
ai
2lp
2 . Comparing index of a
p
2 in two sides, we have i = 1.
Since (b¯θ)p
2
= (b¯p
2
)θ = (a¯t
′p
2 )
θ = (a¯θ2)
t′p, we have (bl)p
2
= at
′lp
2 . Left side of above
equation is altp2 . Comparing index of a
3
2 in two sides, we have t
′ = t.
Since [a¯θ2, b¯
θ, b¯θ] = (a¯ν
′p
2 )
θ = (a¯θ2)
ν′p, we have [al2, b
l, bl] = aν
′lp
2 . Left side of above
equation is al
3νp
2 . Comparing index of a
p
2 in two sides, we have ν
′ = ν. 
Lemma 5.12. Suppose that G(ν, s, t) = 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bpm = atp2 , [a1, b] =
a2, [a2, a1] = 1, [a2, b] = a
νp
1 a
sp
2 〉, where m ≥ 2, t ∈ Fp, ν = 1 or a fixed quadratic
non-residue modulo p.
(1) If G = G(ν, s, t), then |G| = pm+4, G′ = 〈ap1, a2〉, G3 = 〈a
p
1, a
p
2〉, G4 = 〈a
p
2〉,
G ∈ A3, M = 〈b
p, a1, a2〉 is the unique three-generator maximal subgroup of G;
(2) G is one of the following non-isomorphic groups:
(i) 〈b, a1; a2
∣∣ ap21 = ap22 = bpm = 1, [a1, b] = a2, [a2, a1] = 1, [a2, b] = aνp1 asp2 〉,
where m ≥ 2, ν = 1 or a fixed quadratic non-residue modulo p, s = ν, ν +
1, . . . , ν + p−12 ;
(ii) 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bpm = ap2, [a1, b] = a2, [a2, a1] = 1, [a2, b] = aνp1 〉,
where m ≥ 2, ν = 1 or a fixed quadratic non-residue modulo p.
(3) If p = 3 and ν = −1, then M is abelian. If ν = 1 or p ≥ 5, then |M ′| = p.
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Proof (1) Let
K = 〈a2, a1
∣∣ ap22 = ap21 = 1, [a2, a1] = ap2〉.
We define an automorphism β of K as follows:
aβ2 = a2a
νp
1 a
sp
2 , a
β
1 = a1a2.
Then aβ
p
2 = a2, a
βp
2
1 = a1, o(β) ≤ p
2. It follows from the cyclic extension theory that
G = 〈K, b〉 is a cyclic extension of K by Cpm . Hence |G| = p
m+4. It is easy to verify
that G′ = 〈ap1, a2〉, G3 = 〈a
p
1, a
p
2〉, G4 = 〈a
p
2〉, G ∈ A3 and M = 〈b
p, a1, a2〉 is the unique
three-generator maximal subgroup of G.
(2) For convenience, let G = 〈b, a1, a2〉 ∼= G(ν, s, t), G¯ = 〈b¯, a¯1, a¯2〉 ∼= G(ν
′, s′, t′)
and θ be an isomorphism from G¯ to G. Since M = 〈bp, a1, a2〉 and M¯ = 〈b¯
p, a¯1, a¯2〉
are the unique three-generator maximal subgroups of G and G¯ respectively, we have
M¯θ = M . Hence we may assume that b¯θ = blx and a¯θ1 = a
i
1a
j
2b
kpm−1y, where l, i ∈ F ∗p
and x ∈M , y ∈ G3.
By calculation we have a¯θ2 = [a¯1, b¯]
θ ≡ ail2 (mod G3).
Since (b¯θ)p
m
= (b¯p
m
)θ = (a¯t
′p
2 )
θ = (a¯θ2)
t′p, we have (blx)p
m
= at
′ilp
2 . Left side of the
equation is altp2 . By comparing index of a
3
2 in two sides we have t
′i = t.
Since [a¯θ2, b¯
θ, b¯θ] = (a¯ν
′p
2 )
θ = (a¯θ2)
ν′p, we have [al2, b
l, bl] = aν
′lp
2 . Left side of the
equation is al
3νp
2 . By comparing index of a
p
2 in two sides we have ν
′ = ν and l2 = 1.
By calculation we have a¯θ2 = [a¯1, b¯]
θ = [ai1a
j
2b
kpm−1y, bl] ≡ [ai1a
j
2, b
l] (mod G4). More-
over, by calculation we have a¯θ2 ≡ a
i
2a
jνp
1 (mod G4) for l = 1 and a¯
θ
2 ≡ a
−i
2 a
(i−j)νp
1 (mod G4)
for l = −1.
If l = 1, then
[ai2a
jνp
1 , b] = [a¯
θ
2, b¯
θ] = (a¯νp1 a¯
s′p
2 )
θ = (a¯θ1)
νp(a¯θ2)
s′p = (ai1a
j
2b
kpm−1)νpais
′p
2 .
Left side of the equation is aiνp1 a
isp
2 a
jνp
2 . By comparing indexes of a
p
1 and a
p
2 in two sides
we have s′ = s − i−1tkν. On the other hand, if there exists i, k such that t′i = t and
s′ = s− i−1tkν, then, θ : a¯1 → a
ibkp
m−1
, b¯→ b is an isomorphism from G¯ to G.
If l = −1, then we have
[a−i2 a
(i−j)νp
1 , b
−1] = [a¯θ2, b¯
θ] = (a¯νp1 a¯
s′p
2 )
θ = (a¯θ1)
νp(a¯θ2)
s′p = (ai1a
j
2b
kpm−1)νpa−is
′p
2 .
Left side of the equation is aiνp1 a
isp
2 a
−iνp
2 a
(j−i)νp
2 . By comparing indexes of a
p
1 and a
p
2 in
two sides we have s′+ s = 2ν+ i−1tkν. On the other hand, if there exists i, k such that
t′i = t and s′ + s = 2ν + i−1tkν, then, θ : a¯1 → a
ibkp
m−1
, b¯ → b−1 is an isomorphism
from G¯ to G.
By above argument we get that G(ν, s, 0) ∼= G(ν ′, s′, t′) if and only if ν = ν ′, t′ = 0
and s = s′ or s + s′ = 2ν. It follows that G is a group of Type (i) for t = 0. If t 6= 0,
then, by above argument, G(ν, s, t) ∼= G(ν, 0, 1). Hence G is a group of Type (ii).
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(3) By calculation, [aνp1 , b] = a
νp
2 . Hence
[a1, b
3] = [a1, b]
3[a1, b, b]
3[a1, b, b, b] = a
3
2[a
3ν
1 , b] = a
3(1+ν)
2 .
If p ≥ 5, then [a1, b
p] = ap2. Since M
′ = 〈[a1, b
p]〉, the result is proved. 
Theorem 5.13. Suppose that G is an A3-group all of whose maximal subgroups are
A2-groups and there exists a three-generator maximal subgroup in G, and M
′ ≤ Z(G)
for every three-generator maximal subgroup M . Then d(G) = 2 if and only if G is
isomorphic to one of the following pairwise non-isomorphic groups:
(Mi) G′ ∼= Cp2. In this case, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) = p
3 + p2.
(M1) 〈a, b; c
∣∣ a8 = 1, c2 = a4 = b4, [a, b] = c, [c, a] = 1, [c, b] = 1〉; where |G| = 26,
c(G) = 2, Φ(G) = 〈a2, b2, c〉 ∼= C4 × C
2
2 , G
′ = 〈c〉 and Z(G) = 〈c〉 ∼= C4.
(M2) 〈a, b; c
∣∣ a8 = b4 = 1, c2 = a4, [a, b] = c, [c, a] = 1, [c, b] = 1〉; moreover,
|G| = 26, c(G) = 2, Φ(G) = 〈a2, b2, c〉 ∼= C4 × C
2
2 , G
′ = Z(G) = 〈c〉 ∼= C4.
(M3) 〈a, b; c
∣∣ ap3 = bp2 = 1, cp = ap2 , [a, b] = c, [c, a] = 1, [c, b] = ctp〉, where p > 2
and t ∈ F ∗p ; moreover, |G| = p
6, c(G) = 3, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × C
2
p ,
G′ = 〈c〉 and Z(G) = 〈cp〉 ∼= Cp.
(M4) 〈a, b; c
∣∣ ap3 = bp2 = 1, cp = ap2 , [a, b] = c, [c, a] = cp, [c, b] = 1〉, where p > 2;
moreover, |G| = p6, c(G) = 3, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × C
2
p , G
′ = 〈c〉 and
Z(G) = 〈ap
2
〉 ∼= Cp.
(M5) 〈a, b; c
∣∣ apn+1 = bpn = 1, cp = apn , [a, b] = c, [c, a] = 1, [c, b] = 1〉, where n ≥
3 for p = 2 and n ≥ 2; moreover, |G| = p2n+2, c(G) = 2, Φ(G) = 〈ap, bp, c〉 ∼=
Cpn × Cpn−1 × Cp, G
′ = 〈c〉, Z(G) = 〈ap
2
, bp
2
, c〉 ∼= Cpn−1 × Cpn−2 × Cp if
n > 2, Z(G) = 〈ap
2
, bp
2
, c〉 ∼= C2p if n = 2.
(M6) 〈a, b; c
∣∣ ap2 = bp2 = cp2 = 1, [a, b] = c, [c, a] = cp, [c, b] = 1〉, where p > 2;
moreover, |G| = p6, c(G) = 3, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × C
2
p , G
′ = 〈c〉,
Z(G) = 〈cp〉 ∼= Cp.
(M7) 〈a, b; c
∣∣ apn = bpn = cp2 = 1, [a, b] = c, [c, a] = 1, [c, b] = 1〉, where n ≥ 3 for
p = 2 and n ≥ 2; moreover, |G| = p2n+2, c(G) = 2, Φ(G) = 〈ap, bp, c〉 ∼=
C2pn−1 × Cp2 , G
′ = 〈c〉, Z(G) = 〈ap
2
, bp
2
, c〉 ∼= C2pn−2 × Cp2 if n > 2, Z(G)
∼=
Cp2 if n = 2.
(M8) 〈a, b; c
∣∣ apn+1 = bp2 = 1, cp = apn , [a, b] = c, [c, a] = cp, [c, b] = 1〉, where
p > 2 and n > 2; moreover, |G| = pn+4, c(G) = 3, Φ(G) = 〈ap, bp, c〉 ∼=
Cpn × C
2
p , G
′ = 〈c〉 and Z(G) = 〈ap
2
〉 ∼= Cpn−1.
(M9) 〈a, b; c
∣∣ apn = bp3 = 1, cp = bp2 , [a, b] = c, [c, a] = ctp, [c, b] = 1〉, where p > 2,
n > 2 and t ∈ F ∗p ; moreover, |G| = p
n+4, c(G) = 3, Φ(G) = 〈ap, bp, c〉 ∼=
Cpn−1 × Cp2 × Cp, G
′ = 〈c〉 and Z(G) = 〈ap
2
, bp
2
〉 ∼= Cpn−2 × Cp.
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(M10) 〈a, b; c
∣∣ apn = bp2 = cp2 = 1, [a, b] = c, [c, a] = cp, [c, b] = 1〉, where p > 2 and
n > 2. Moreover, |G| = pn+4, c(G) = 3, Φ(G) = 〈ap, bp, c〉 ∼= Cpn−1 × Cp2 ×
Cp, G
′ = 〈c〉 and Z(G) = 〈ap
2
, cp〉 ∼= Cpn−2 ×Cp.
(M11) 〈a, b; c
∣∣ apn+1 = bpm = 1, cp = apn , [a, b] = c, [c, a] = 1, [c, b] = 1〉, where
n > m ≥ 2; moreover, |G| = pn+m+2, c(G) = 2, Φ(G) = 〈ap, bp, c〉 ∼=
Cpn × Cpm−1 × Cp, G
′ = 〈c〉, Z(G) = 〈ap
2
, bp
2
, c〉 ∼= Cpn−1 × Cpm−2 × Cp if
m > 2, Z(G) = 〈ap
2
, bp
2
, c〉 ∼= Cpn−1 × Cp if m = 2.
(M12) 〈a, b; c
∣∣ apn = bpm+1 = 1, cp = bpm , [a, b] = c, [c, a] = 1, [c, b] = 1〉, where
n > m ≥ 2; |G| = pn+m+2, c(G) = 2, Φ(G) = 〈ap, bp, c〉 ∼= Cpn−1×Cpm×Cp,
G′ = 〈c〉 and Z(G) = 〈ap
2
, bp
2
, c〉 ∼= Cpn−2 ×Cpm−1 × Cp.
(M13) 〈a, b; c
∣∣ apn = bpm = cp2 = 1, [a, b] = c, [c, a] = 1, [c, b] = 1〉, where n >
m ≥ 2; moreover, |G| = pn+m+2, c(G) = 2, Φ(G) = 〈ap, bp, c〉 ∼= Cpn−1 ×
Cpm−1 ×Cp2, G
′ = 〈c〉, Z(G) = 〈ap
2
, bp
2
, c〉 ∼= Cpn−2 ×Cpm−2 ×Cp2 if m > 2,
Z(G) ∼= Cpn−2 × Cp2 if m = 2.
(Mii) c(G) = 3 and G′ ∼= C2p . In this case, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) =
p3 + p2.
(M14) 〈a, b; c
∣∣ a8 = b4 = c2 = 1, [a, b] = c, [c, a] = 1, [c, b] = a4〉; where |G| = 26,
Φ(G) = 〈a2, b2, c〉 ∼= C4 × C
2
2 , G
′ = 〈a4, c〉 and Z(G) = 〈a2〉 ∼= C4.
(M15) 〈a, b; c, d
∣∣ a4 = b4 = c2 = d2 = 1, [a, b] = c, [c, a] = d, [c, b] = 1, [d, a] =
[d, b] = 1〉; moreover, |G| = 26, Φ(G) = 〈a2, b2, c, d〉 ∼= C42 , G
′ = 〈c, d〉 and
Z(G) = 〈b2, d〉 ∼= C22 .
(M16) 〈a, b; c
∣∣ a8 = b4 = c2 = 1, [a, b] = c, [c, a] = a4, [c, b] = 1〉, where |G| = 26,
Φ(G) = 〈a2, b2, c〉 ∼= C4 × C
2
2 , G
′ = 〈a4, c〉 and Z(G) = 〈a4, b2〉 ∼= C22 .
(M17) 〈a, b; c
∣∣ a2n+1 = b4 = c2 = 1, [a, b] = c, [c, a] = a2n , [c, b] = 1〉, where n > 2;
moreover, |G| = 2n+4, Φ(G) = 〈a2, b2, c〉 ∼= C2n × C
2
2 , G
′ = 〈a2
n
, c〉 and
Z(G) = 〈a4, b2〉 ∼= C2n−1 × C2.
(M18) 〈a, b; c
∣∣ a2n = b8 = c2 = 1, [a, b] = c, [c, a] = b4, [c, b] = 1〉, where n > 2;
moreover, |G| = 2n+4, Φ(G) = 〈a2, b2, c〉 ∼= C2n−1 × C4 × C2, G
′ = 〈b4, c〉
and Z(G) = 〈a4, b2〉 ∼= C2n−2 × C4.
(M19) 〈a, b; c, d
∣∣ a2n = b4 = c2 = d2 = 1, [a, b] = c, [c, a] = d, [c, b] = 1, [d, a] =
[d, b] = 1〉, where n > 2; moreover, |G| = 2n+4, Φ(G) = 〈a2, b2, c, d〉 ∼=
C2n−1 ×C
3
2 , G
′ = 〈c, d〉 and Z(G) = 〈a4, b2, d〉 ∼= C2n−2 × C
2
2 .
(Miii) G3 ∼= Cp and Φ(G
′)G3 ∼= C
2
p . In this case, (µ0, µ1, µ2) = (0, 0, 1+p) and α1(G) =
p3 + 2p2.
(M20) 〈a, b; c
∣∣ a8 = b8 = 1, c2 = b4, [a, b] = c, [c, a] = 1, [c, b] = a4b4〉; where |G| =
27, Φ(G) = 〈a2, b2, c〉 ∼= C24 × C2, G
′ = 〈a4, c〉 and Z(G) = 〈a4, c2〉 ∼= C22 .
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(M21) 〈a, b; c
∣∣ a8 = c4 = 1, b4 = c2, [a, b] = c, [c, a] = a4, [c, b] = 1〉; where |G| = 27,
Φ(G) = 〈a2, b2, c〉 ∼= C24 × C2, G
′ = 〈a4, c〉 and Z(G) = 〈a4, c2〉 ∼= C22 .
(M22) 〈a, b; c
∣∣ a8 = c4 = 1, b4 = c2, [a, b] = c, [c, a] = 1, [c, b] = a4〉; where |G| = 27,
Φ(G) = 〈a2, b2, c〉 ∼= C24 × C2, G
′ = 〈a4, c〉, Z(G) = 〈a4, c2〉 ∼= C22 .
(M23) 〈a, b; c
∣∣ a4 = b8 = c4 = 1, [a, b] = c, [c, a] = 1, [c, b] = b4〉; where |G| = 27,
Φ(G) = 〈a2, b2, c〉 ∼= C24 × C2, G
′ = 〈b4, c〉 and Z(G) = 〈b4, c2〉 ∼= C22 .
(M24) 〈a, b; c
∣∣ ap3 = bp3 = 1, cp = ap2bsp2 , [a, b] = c, [c, a] = 1, [b, c] = bp2〉, where
p > 2, s ∈ Fp and 1 + 4s 6∈ F
2
p ; moreover, |G| = p
7, Φ(G) = 〈ap, bp, c〉 ∼=
Cp2 × Cp2 × Cp, G
′ = 〈bp
2
, c〉 and Z(G) = 〈ap
2
, bp
2
〉 ∼= C2p .
(M25) 〈a, b; c
∣∣ ap3 = bp2 = cp2 = 1, [a, b] = c, [c, a] = 1, [c, b] = ctpa−tp2〉, where p >
2 and t2− 4t 6∈ F 2p ; moreover, |G| = p
7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 ×Cp2 ×Cp,
G′ = 〈ap
2
, c〉 and Z(G) = 〈ap
2
, cp〉 ∼= C2p .
(M26) 〈a, b; c
∣∣ ap3 = bp3 = 1, [a, b] = c, cp = bp2 , [c, a] = 1, [b, c] = aνp2〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modular p, and −ν 6∈ F 2p ;
moreover, |G| = p7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈ap
2
, c〉 and
Z(G) = 〈ap
2
, bp
2
〉 ∼= C2p .
(M27) 〈a, b; c
∣∣ ap3 = bp2 = cp2 = 1, [a, b] = c, [c, a] = 1, [b, c] = aνp2〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modular p, and −ν 6∈ F 2p ;
moreover, |G| = p7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈ap
2
, c〉 and
Z(G) = 〈ap
2
, cp〉 ∼= C2p .
(M28) 〈a, b; c
∣∣ ap2 = bp3 = cp2 = 1, [a, b] = c, [c, a] = 1, [c, b] = cpb−p2 , [bp2 , a] = 1〉,
where p > 2; moreover, |G| = p7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp,
G′ = 〈bp
2
, c〉 and Z(G) = 〈cp, bp
2
〉 ∼= C2p .
(M29) 〈a, b; c
∣∣ ap2 = bp3 = cp2 = 1, [a, b] = c, [c, a] = 1, [b, c] = bp2〉, where p > 2;
moreover, |G| = p7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈bp
2
, c〉 and
Z(G) = 〈cp, bp
2
〉 ∼= C2p .
(M30) 〈a, b; c
∣∣ apn+1 = bp3 = 1, [a, b] = c, cp = apn , [a, c] = bνp2 , [b, c] = 1〉, where
n > 2, ν = 1 or a fixed quadratic non-residue modular p; moreover, |G| =
pn+5, Φ(G) = 〈ap, bp, c〉 ∼= Cpn × Cp2 × Cp, G
′ = 〈bp
2
, c〉 and Z(G) =
〈ap
2
, bp
2
〉 ∼= Cpn−1 × Cp.
(M31) 〈a, b; c
∣∣ apn+1 = bp3 = 1, [a, b] = c, cp = apnbsηp2 , [a, c] = bηp2 , [b, c] = 1〉,
where p > 2, n > 2, s = 1, 2, . . . , p−12 , and η is a fixed quadratic non-residue
modular p; moreover, |G| = pn+5, Φ(G) = 〈ap, bp, c〉 ∼= Cpn × Cp2 × Cp,
G′ = 〈bp
2
, c〉 and Z(G) = 〈ap
2
, bp
2
〉 ∼= Cpn−1 × Cp.
(M32) 〈a, b; c
∣∣ apn+1 = bp2 = cp2 = 1, [a, b] = c, [c, b] = 1, [c, a] = cpa−pn , [apn , b] =
1〉, where p > 2 and n > 2; moreover, |G| = pn+5, Φ(G) = 〈ap, bp, c〉 ∼=
Cpn × Cp2 × Cp, G
′ = 〈ap
n
, c〉 and Z(G) = 〈ap
2
, cp〉 ∼= Cpn−1 × Cp.
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(M33) 〈a, b; c
∣∣ apn+1 = bp3 = 1, [a, b] = c, cp = bp2 , [b, c] = 1, [a, c] = apn〉, where
n > 2; moreover, |G| = pn+5, Φ(G) = 〈ap, bp, c〉 ∼= Cpn × Cp2 × Cp, G
′ =
〈ap
n
, c〉 and Z(G) = 〈ap
2
, cp〉 ∼= Cpn−1 × Cp.
(M34) 〈a, b; c
∣∣ apn+1 = bp2 = cp2 = 1, [a, b] = c, [b, c] = 1, [a, c] = apn〉, where n > 2;
moreover, |G| = pn+5, Φ(G) = 〈ap, bp, c〉 ∼= Cpn × Cp2 × Cp, G
′ = 〈ap
n
, c〉
and Z(G) = 〈ap
2
, cp〉 ∼= Cpn−1 × Cp.
(M35) 〈a, b; c
∣∣ apn = bp3 = cp2 = 1, [a, b] = c, [c, b] = 1, [c, a] = ctpb−tp2 , [bp2 , a] =
1〉, where p > 2, n > 2 and t2 + 4t 6∈ F 2p ; moreover, |G| = p
n+5, Φ(G) =
〈ap, bp, c〉 ∼= Cpn−1 × Cp2 × Cp2 , G
′ = 〈bp
2
, c〉 and Z(G) = 〈ap
2
, bp
2
, cp〉 ∼=
Cpn−2 × Cp ×Cp.
(M36) 〈a, b; c
∣∣ apn = bp3 = cp2 = 1, [a, b] = c, [c, b] = 1, [a, c] = bηp2〉, where
p > 2, n > 2, η is a fixed quadratic non-residue modular p; moreover,
|G| = pn+5, Φ(G) = 〈ap, bp, c〉 ∼= Cpn−1 × Cp2 × Cp2, G
′ = 〈bp
2
, c〉 and
Z(G) = 〈ap
2
, bp
2
, cp〉 ∼= Cpn−2 × Cp × Cp.
(Miv) Φ(G′) ≤ G3 ∼= C
2
p . In this case, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) = p
3 + p2
except for (M37)–(M39).
(M37) 〈a, b; c
∣∣ a8 = b8 = c2 = 1, [a, b] = c, [c, a] = a4b4, [c, b] = a4, [a4, b] = 1〉;
where |G| = 27, Φ(G) = 〈a2, b2, c〉 ∼= C24 ×C2, G
′ = 〈a4, b4, c〉 ∼= C32 , Z(G) =
〈a4, b4〉 ∼= C22 , and α1(G) = 18;
(M38) 〈a, b; c
∣∣ a8 = b8 = 1, [a, b] = c, [c, a] = c2 = b4, [c, b] = a4〉; where |G| = 27,
Φ(G) = 〈a2, b2, c〉 ∼= C24 ×C2, G
′ = 〈a4, c〉 ∼= C4×C2, Z(G) = 〈a
4, b4〉 ∼= C22 ,
and α1(G) = 14;
(M39) 〈a, b; c
∣∣ a8 = c4 = 1, [a, b] = c, [c, a] = c2, [c, b] = a4 = b4〉; where |G| = 27,
Φ(G) = 〈a2, b2, c〉 ∼= C4×C4×C2, G
′ = 〈a4, c〉 ∼= C4×C2, Z(G) = 〈a
4, c2〉 ∼=
C22 , and α1(G) = 18;
(M40) 〈a, b; c
∣∣ ap2 = bp2 = cp = 1, [a, b] = c, [c, a] = ap, [c, b] = bp〉, where p > 3;
moreover, |G| = p5, Φ(G) = G′ = 〈ap, bp, c〉 ∼= C3p and Z(G) = 〈a
p, bp〉 ∼= C2p ;
(M41) 〈a, b; c
∣∣ ap3 = bp3 = cp = 1, [a, b] = c, [c, a] = bνp2 , [c, b] = a−p2 , [ap2 , b] = 1〉,
where p > 2, ν = 1 or a fixed quadratic non-residue modular p such that
−ν 6∈ F 2p ; moreover, |G| = p
7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp, G
′ =
〈ap
2
, bp
2
, c〉 and Z(G) = 〈ap, bp〉 ∼= Cp2 × Cp2;
(M42) 〈a, b; c
∣∣ ap3 = bp3 = cp = 1, [a, b] = c, [c, a]1+r = ap2bp2 , [c, b]1+r = a−rp2bp2 , [ap2 , b] =
1〉, where p > 3 and −r 6∈ (Fp)2; moreover, |G| = p7, Φ(G) = 〈ap, bp, c〉 ∼=
Cp2 × Cp2 × Cp, G
′ = 〈ap
2
, bp
2
, c〉 and Z(G) = 〈ap, bp〉 ∼= Cp2 × Cp2 ;
(M43) 〈a, b; c, d, e
∣∣ ap = bp = cp = dp = ep = 1, [a, b] = c, [c, a] = d, [c, b] =
e, [d, a] = [d, b] = [e, a] = [e, b] = 1〉, where p > 3; moreover, |G| = p5,
Φ(G) = G′ = 〈c, d, e〉 ∼= C3p and Z(G) = 〈d, e〉
∼= C2p ;
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(M44) 〈a, b; c
∣∣ ap3 = bp3 = 1, [a, b] = c, [c, a] = cp = bsp2 , [c, b] = a−νp2bstνp2〉,
where p > 2, ν = 1 or a fixed quadratic non-residue modular p, s ∈ F ∗p ,
t = 0, 1, . . . , p−12 such that (stν)
2 − 4ν(s + 1) 6∈ F 2p ; moreover, |G| = p
7,
Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈ap
2
, c〉 ∼= Cp2 × Cp and Z(G) =
〈ap
2
, bp
2
〉 ∼= C2p ;
(M45) 〈a, b; c
∣∣ ap3 = bp3 = 1, [a, b] = c, [c, a] = cp = b−p2 , [b, c] = aνp2〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modular p; moreover, |G| =
p7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈ap
2
, c〉 ∼= Cp2 × Cp and
Z(G) = 〈ap
2
, bp
2
〉 ∼= C2p ;
(M46) 〈a, b; c
∣∣ ap3 = bp2 = cp2 = 1, [a, b] = c, [c, a] = cp, [c, b] = a−νp2ctνp〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modular p, t = 0, 1, . . . , p−12
such that (tν)2 − 4ν 6∈ F 2p ; moreover, |G| = p
7, Φ(G) = 〈ap, bp, c〉 ∼= Cp2 ×
Cp2 × Cp, G
′ = 〈ap
2
, c〉 ∼= Cp2 × Cp and Z(G) = 〈a
p2 , cp〉 ∼= C2p ;
(M47) 〈a, b; c, d
∣∣ ap2 = bp2 = cp = dp = 1, [a, b] = c, [c, a] = bνp, [c, b] = d, [d, a] =
[d, b] = 1〉, where p > 2, ν = 1 or a fixed quadratic non-residue modular p;
moreover, |G| = p6, Φ(G) = 〈ap, bp, c, d〉 ∼= C4p , G
′ = 〈bp, c, d〉 ∼= C3p and
Z(G) = 〈ap, bp, d〉 ∼= C3p .
(Mv) c(G) = 4, G has a unique three-generator maximal subgroup M , and G/M ′ is a
group of Type (4) in Lemma 2.5. In this case, p ≥ 5, |M ′| = p, (µ0, µ1, µ2) =
(0, 0, 1 + p) and α1(G) = 2p
2.
(M48) 〈b, a1; a2, a3
∣∣ bp2 = ap1 = ap2 = ap3 = 1, [a1, b] = a2, [a2, b] = a3, [a2, a1] =
bp, [a3, b] = b
p, [a3, a1] = 1〉; where |G| = p
5, Φ(G) = G′ = 〈a2, a3, b
p〉 ∼= C3p
and Z(G) = 〈bp〉 ∼= Cp.
(M49) 〈b, a1; a2, a3
∣∣ bp2 = ap1 = ap2 = ap3 = 1, [a1, b] = a2, [a2, b] = a3, [a2, a1] =
bηp, [a3, b] = b
p, [a3, a1] = 1〉, where η is a fixed quadratic non-residue modulo
p; moreover, |G| = p5, Φ(G) = G′ = 〈a2, a3, b
p〉 ∼= C3p and Z(G) = 〈b
p〉 ∼=
Cp.
(M50) 〈b, a1; a2, a3
∣∣ bp2 = ap1 = ap2 = ap3 = 1, [a1, b] = a2, [a2, b] = a3, [a2, a1] =
bp, [a3, b] = b
ηp, [a3, a1] = 1〉, where p ≡ 1(mod 4) and η is a fixed quadratic
non-residue modulo p; moreover, |G| = p5, Φ(G) = G′ = 〈a2, a3, b
p〉 ∼= C3p
and Z(G) = 〈bp〉 ∼= Cp.
(M51) 〈b, a1; a2, a3
∣∣ bp2 = ap1 = ap2 = ap3 = 1, [a1, b] = a2, [a2, b] = a3, [a2, a1] =
bηp, [a3, b] = b
ηp, [a3, a1] = 1〉, where p ≡ 1(mod 4) and η is a fixed quadratic
non-residue modulo p; moreover, |G| = p5, Φ(G) = G′ = 〈a2, a3, b
p〉 ∼= C3p
and Z(G) = 〈bp〉 ∼= Cp.
(M52) 〈b, a1; a2, a3
∣∣ bp = ap21 = ap2 = ap3 = 1, [a1, b] = a2, [a2, b] = a3, [a2, a1] =
ap1, [a3, b] = a
νp
1 , [a3, a1] = 1〉, where ν = 1, η1 or η2, {1, η1, η2} is a transver-
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sal for (F ∗p )
3 in F ∗p ; moreover, |G| = p
5, Φ(G) = G′ = 〈a2, a3, a
p
1〉
∼= C3p and
Z(G) = 〈ap1〉
∼= Cp.
(M53) 〈b, a1; a2, a3, a4
∣∣ bp = ap1 = ap2 = ap3 = ap4 = 1, [a1, b] = a2, [a2, b] =
a3, [a2, a1] = a4, [a3, b] = a4, [a3, a1] = [a4, a1] = [a4, b] = 1〉, where |G| = p
5,
Φ(G) = G′ = 〈a2, a3, a4〉 ∼= C
3
p and Z(G) = 〈a4〉
∼= Cp.
(Mvi) c(G) = 4, G has a unique three-generator maximal subgroup M , |M ′| = 9 and
G/M ′ is a group of Type (6) in Lemma 2.5. In this case, (µ0, µ1, µ2) = (0, 0, 1+p)
and α1(G) = 2p
2 + p.
(M54) 〈b, a1; a2
∣∣ b27 = a91 = a92 = 1, [a1, b] = a2, [a2, a1] = b−9, [a2, b] = a31a3s2 〉,
where s = 0, 2; moreover, |G| = 37, Φ(G) = 〈a2, a
3
1, b
3〉 ∼= C3 × C9 × C9,
G′ = 〈a2, a
3
1, b
9〉 ∼= C23 × C9 and Z(G) = 〈a
3
2, b
9〉 ∼= C23 .
(M55) 〈b, a1; a2
∣∣ b27 = a91 = a92 = 1, [a1, b] = a2, [a2, a1] = b9a32, [a2, b] = a31〉, where
|G| = 37, Φ(G) = 〈a2, a
3
1, b
3〉 ∼= C3 × C9 × C9, G
′ = 〈a2, a
3
1, b
9〉 ∼= C23 × C9
and Z(G) = 〈a32, b
9〉 ∼= C23 .
(Mvii) c(G) = 4, G has a unique three-generator maximal subgroup M , |M ′| = p2 where
p ≥ 5 and G/M ′ is a group of Type (6) in Lemma 2.5. In this case, (µ0, µ1, µ2) =
(0, 0, 1 + p) and α1(G) = 2p
2 + p.
(M56) 〈b, a1; a2
∣∣ bp3 = ap21 = ap22 = 1, [a1, b] = a2, [a2, a1] = bν1p2 , [a2, b] = aν2p1 asp2 〉,
where ν1, ν2 = 1 or a fixed quadratic non-residue modulo p such that −ν1 is
not a square, and s = 2−1ν2, 2
−1ν2+1, . . . , 2
−1ν2+
p−1
2 ; moreover, |G| = p
7,
Φ(G) = 〈a2, a
p
1, b
p〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈a2, a
p
1, b
p2〉 ∼= C2p × Cp2 and
Z(G) = 〈ap2, b
p2〉 ∼= C2p .
(M57) 〈b, a1; a2
∣∣ bp3 = ap21 = ap22 = 1, [a1, b] = a2, [a2, a1] = bν1p2arp2 , [a2, b] =
aν2p1 〉, where ν1, ν2 = 1 or a fixed quadratic non-residue modulo p and r =
1, 2, . . . , p−12 such that r
2− 4ν1 is not a square. Moreover, |G| = p
7, Φ(G) =
〈a2, a
p
1, b
p〉 ∼= Cp2 × Cp2 × Cp, G
′ = 〈a2, a
p
1, b
p2〉 ∼= C2p × Cp2 and Z(G) =
〈ap2, b
p2〉 ∼= C2p .
(Mviii) c(G) = 4, G has a unique three-generator maximal subgroup M , |M ′| = p where
p ≥ 3 and G/M ′ is a group of Type (6) in Lemma 2.5. In this case, (µ0, µ1, µ2) =
(0, 0, 1 + p) and α1(G) = 2p
2.
(M58) 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bp2 = atp2 , [a1, b] = a2, [a2, a1] = ap2, [a2, b] = aνp1 〉,
where t ∈ Fp, ν = 1 or a fixed quadratic non-residue modulo p; moreover,
|G| = p6, Φ(G) = 〈a2, a
p
1, b
p〉 ∼= Cp2 ×C
2
p , G
′ = 〈a2, a
p
1〉
∼= Cp2 ×Cp, Z(G) =
〈ap2, b
p2〉 ∼= Cp except for p = 3 and ν = −1, In case of p = 3 and ν = −1,
we have Z(G) = 〈ap2, b
p〉 ∼= C2p if t ≡ 0(mod p) or Z(G) = 〈a
p
2, b
p〉 ∼= Cp2 if
t 6≡ 0(mod p).
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(M59) 〈b, a1; a2
∣∣ ap21 = ap22 = bpm = 1, [a1, b] = a2, [a2, a1] = 1, [a2, b] = aνp1 asp2 〉,
where m ≥ 2, ν = 1 for p = 3, ν = 1 or a fixed quadratic non-residue
modulo p for p ≥ 5, s = ν, ν + 1, . . . , ν + p−12 ; moreover, |G| = p
m+4,
Φ(G) = 〈a2, a
p
1, b
p〉 ∼= Cp × Cpm−1 × Cp2, G
′ = 〈a2, a
p
1〉
∼= Cp × Cp2, Z(G) =
〈ap2, b
p2〉 ∼= Cp × Cpm−2 for m > 2, Z(G) = 〈a
p
2, b
p2〉 ∼= Cp for m = 2.
(M60) 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bpm = ap2, [a1, b] = a2, [a2, a1] = 1, [a2, b] = aνp1 〉,
where m ≥ 2, ν = 1 for p = 3, ν = 1 or a fixed quadratic non-residue
modulo p for p ≥ 5. Moreover, |G| = pm+4, Φ(G) = 〈a2, a
p
1, b
p〉 ∼= Cpm ×C
2
p ,
G′ = 〈a2, a
p
1〉
∼= Cp × Cp2 , Z(G) = 〈a
p
2, b
p2〉 ∼= Cpm−2 for m > 2, Z(G) =
〈ap2, b
p2〉 ∼= Cp for m = 2.
(Mix) c(G) = 4, G has a unique three-generator maximal subgroup M , |M ′| = 3 and
G/M ′ ∈ A3. In this case, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) = 2p
2.
(M61) 〈b, a1; a2
∣∣ a91 = a92 = b27 = 1, [a1, b] = a2, [a2, a1] = b9s, [a2, b] = a−31 a3t2 〉,
where s, t = 1, 2. Moreover, |G| = 37, Φ(G) = 〈a2, a
3
1, b
3〉 ∼= C3 × C9 × C9,
G′ = 〈a2, a
3
1, b
9〉 ∼= C9 × C3 × C3 and Z(G) = 〈a
3
2, b
3〉 ∼= C3 ×C9.
(Mx) c(G) = 4, G has a unique three-generator maximal subgroup M , |M ′| = p where
p ≥ 5 and G/M ′ ∈ A3. In this case, (µ0, µ1, µ2) = (0, 0, 1 + p) and α1(G) = 2p
2.
(M62) 〈b, a1; a2
∣∣ bp2 = ap21 = ap2 = ap3 = 1, [a1, b] = a2, [a2, a1] = bνp, [a2, b] =
a3, [a3, b] = a
tp
1 , [a3, a1] = 1〉, where p ≥ 5, ν = 1 or a fixed quadratic non-
residue modulo p, t = t1, t2, . . . , t(3,p−1), where t1, t2, . . . , t(3,p−1) are the coset
representatives of the subgroup (F ∗p )
3 in F ∗p . Moreover,|G| = p
6, Φ(G) =
G′ = 〈a2, a3, a
p
1, b
p〉 ∼= C4p and Z(G) = 〈a
p
1, b
p〉 ∼= C2p .
Proof If Φ(G′)G3 ≤ Z(G) and Φ(G
′)G3 ≤ C
2
p , then G is one of the groups listed
in [3, Theorem 3.5, 4.6, 5.5, 5.8 and 6.5]. By [3, Theorem 3.6, 4.7, 5.1-5.2, 5.5-5.6
and 6.1], we get the groups (M1)-(M47). For convenience, in Table 11 we give the
correspondence from those groups (M1)-(M47) to [3, Theorem 3.5, 4.6, 5.5, 5.8 and
6.5]. In the following, we may assume that Φ(G′)G3 6≤ Z(G) or Φ(G
′)G3 6≤ C
2
p .
If G has two distinct three-generator maximal subgroup M1 and M2, then, by
Lemma 2.6 (2), M ′1 ≤ C
3
p and M
′
2 ≤ C
3
p . By hypothesis, M
′
1 ≤ Z(G) and M
′
2 ≤ Z(G).
Let N = M ′1M
′
2. Then exp(N) = p and N ≤ Z(G). Let G¯ = G/N . Then G¯ has two
distinct abelian subgroups M¯1 and M¯2 of index p. By Lemma 2.2 we have G¯ ∈ A1. It
follows that Φ(G′)G3 = N . By above assumption, |N | ≥ p
3. Hence G is not metacyclic.
By Lemma 2.1, G¯ is not metacyclic. Let
G¯ = 〈a¯, b¯; c¯
∣∣ a¯pn = b¯pm = c¯p = 1, [a¯, b¯] = c¯, [c¯, a¯] = [c¯, b¯] = 1〉,
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Groups Groups in [3, Theorem 3.5, 4.6, 5.5, 5.8 and 6.5] Groups Groups in [3, Theorem 3.5, 4.6, 5.5, 5.8 and 6.5]
(M1) (C1) (M25) (L2) where n = 2 and t2 − 4t 6∈ F2
p
(M2) (C2) (M26) (L4) where n = 2 and −ν 6∈ F2
p
(M3) (D1) where p > 2 = n (M27) (L5) where n = 2 and −ν 6∈ F2
p
(M4) (D2) where p > 2 = n (M28) (L6) where n = 2
(M5) (D3) (M29) (L8) where n = 2
(M6) (I4) where p > 2 = n (M30) (M1) where m = 2 and s = 0
(M7) (D5) (M31) (M1) where m = 2, s = 0 and ν = η
(M8) (E2) where p > 2 = m (M32) (M2) where m = 2
(M9) (E5) where p > 2 = m (M33) (M4) where m = 2
(M10) (E8) where p > 2 = m (M34) (M5) where m = 2
(M11) (E3) (M35) (M6) where m = 2 and t2 + 4t 6∈ F2
p
(M12) (E6) (M36) (M8) where m = 2 and ν = η
(M13) (E9) (M37) (N3)
(M14) (G1) where p = m = 2 (M38) (N8)
(M15) (G2) where p = m = 2 (M39) (N9)
(M16) (G3) where p = m = 2 (M40) (P1) where n = 1
(M17) (J2) where p = m = 2 (M41) (P3) where n = 2 and −ν 6∈ F2
p
(M18) (J4) where p = m = 2 (M42) (p4) where n = 2 and −r 6∈ F2
p
(M19) (J6) where p = m = 2 (M43) (P10) where n = 1
(M20) (K2) (M44) (Q1) where n = 2 and (stν)2 − 4ν(s + 1) 6∈ F2
p
(M21) (K4) (M45) (Q1) where n = 2, s = −1 and t = 0
(M22) (K8) (M46) (Q2) where n = 2
(M23) (K10) (M47) (S4) where n = 2
(M24) (L1) where n = 2 and 1 + 4s 6∈ F2
p
Table 11: The correspondence from Theorem 5.13 to [3, Theorem 3.5, 4.6, 5.5, 5.8 and 6.5]
where n ≥ m. Then N = 〈cp, [c, a], [c, b]〉, |N | = p3 and |G| = pn+m+4. Since cp 6= 1,
by calculation we have [a, bp] 6= 1. It follows that m ≥ 2. Since 〈c, b〉 ∈ A1, we have
|〈c, b〉| = pn+m+2. It follows that n ≤ 2 and hence n = m = 2. Moreover,
N = 〈cp, ap
2
, bp
2
〉, where [c, a] 6∈ 〈cp, ap
2
〉 and [c, b] 6∈ 〈cp, bp
2
〉.
By suitable replacement, we may assume that [c, a] = brp
2
csp and [c, b] = aup
2
bvp
2
cwp,
where r, s, u, v, w ∈ Fp, r 6= 0 and u 6= 0. If p = 2, then we can prove that G ∈ A4. The
details are omitted. Hence p ≥ 3. If s2−4r is a square, then the equation x2−sx+r = 0
has a solution x1. By calculation we have 〈a, cb
x1p〉 is not abelian and of order p5, which
contradicts that G ∈ A3. Hence s
2 − 4r is not a square. By Lemma 2.10, the equation
x2 + sxy + ry2 + wx+ vy − u = 0 has a solution (x0, y0). By calculation, 〈ca
x0p, bay0〉
is not abelian and of order p5, which contradicts that G ∈ A3 again.
By above argument, G has a unique three-generator maximal subgroup M . Let
G¯ = G/M ′. Then G¯ has a three-generator abelian subgroup M/M ′ of index p, and
every non-abelian subgroup of G¯ is generated by two elements. By Lemma 2.12 (2),
p ≥ 3. Since G¯ ∈ A2 or A3, G¯ is either one of the groups (4)–(7) in Lemma 2.5 or, by
Theorem 5.1, one of the groups (F4)–(F8).
We claim that G′ is abelian. Otherwise, |G : G′| = p2 and G′ is minimal non-abelian.
By Lemma 2.14, G′ is abelian, a contradiction.
Case 1: G¯ is the group (4) in Lemma 2.5. That is, G¯ = 〈a¯1, b¯; a¯2, a¯3
∣∣ a¯p1 = a¯p2 =
a¯p3 = b¯
pm = 1, [a¯1, b¯] = a¯2, [a¯2, b¯] = a¯3, [a¯3, b¯] = 1, [a¯i, a¯j ] = 1〉, where 1 ≤ i, j ≤ 3.
Since d(M¯ ) = 3, we have m = 1 and M = 〈a1, a2, a3〉. Hence p ≥ 5. Since G
′ is
abelian, [a2, a3] = 1. By calculation we have
[a3, a1] = [a2, b, a1] = [a2, a1, b] = 1.
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It follows that
[a1, a2] 6= 1, |M
′| = p and |G| = p5.
By calculation we have
ap3 = [a2, b]
p = [ap2, b] = 1 and a
p
2 = [a
p
1, b] = 1.
Since 〈a2, b〉 ∈ A2, [a3, b] 6= 1 and hence G is of maximal class.
If exp(G) = p2 and exp(M) = p, then ap1 = 1 and b
p2 = 1. Hence G = 〈b, a1, a2, a3〉
has following relations:
bp
2
= ap1 = a
p
2 = a
p
3 = 1, [a1, b] = a2, [a2, b] = a3, [a3, b] = b
ip, [a2, a1] = b
jp
where i, j ∈ F ∗p . By Lemma 5.8 we get groups (M48)–(M51).
If exp(G) = p2 and exp(M) = p2, then ap
2
1 = 1. By suitable replacement, we may
assume that bp = 1. Hence G = 〈b, a1, a2, a3〉 has following relations:
bp = ap
2
1 = a
p
2 = a
p
3 = 1, [a1, b] = a2, [a2, b] = a3, [a3, b] = a
ip
1 , [a2, a1] = a
jp
1
where i, j ∈ F ∗p . By Lemma 5.9 we get the group (M52).
If exp(G) = p, then we get the group (M53).
Case 2: G¯ is the group (5) in Lemma 2.5. That is, G¯ = 〈a¯1, b¯; a¯2
∣∣ a¯p1 = a¯p2 =
b¯p
m+1
= 1, [a¯1, b¯] = a¯2, [a¯2, b¯] = b¯
pm , [a¯1, a¯2] = 1〉.
Since d(M¯ ) = 3, M = 〈a1, a2, b
p〉. Let N = 〈a2, b,M
′〉. Then N is maximal in G
and d(N) = 2. It follows that N ∈ A2. Since G
′ is abelian, we have [bp
m
, a2] = 1 and
hence c(N) = 2. By calculation we get bp
m+1
= [a2, b]
p = [ap2, b] = 1 and hence |N
′| = p.
By Lemma 2.2 we have N ∈ A1, a contradiction.
Case 3: G¯ is the group (6) in Lemma 2.5. That is, G¯ = 〈a¯1, b¯; a¯2
∣∣ a¯p21 = a¯p2 = b¯pm =
1, [a¯1, b¯] = a¯2, [a¯2, b¯] = a¯
νp
1 , [a¯1, a¯2] = 1〉, where ν = 1 or a fixed quadratic non-residue
modulo p.
Since d(M¯ ) = 3, we have m ≥ 2 and M = 〈a1, a2, b
p〉. Let N = 〈a2, b,M
′〉.
Then N is maximal in G and d(N) = 2. It follows that N ∈ A2. By calculation,
aνp
2
1 = [a2, b]
p = [ap2, b] = 1. Hence a
p2
1 = 1 and exp(N
′) = p. If c(N) = 2, then G ∈ A1,
a contradiction. Hence c(N) = 3. By calculation, [a2, b
p] = 1. Since [ap1, a2] = 1, we
have [ap1, b] = a
p
2 6= 1.
If |M ′| = p2, then M ′ = 〈[a1, a2]〉 × 〈[a1, b
p]〉. Since G ∈ A3, we have |〈a1, a2〉| =
|〈a1, b
p〉| = pm+3. It follows that m = 2, |G| = p7 and M ′ = 〈ap2, b
p2〉. By suitable
replacement, we may assume that
G = 〈b, a1; a2
∣∣ bp3 = ap21 = ap22 = 1, [a1, b] = a2, [a2, a1] = bν1p2arp2 , [a2, b] = aν2p1 asp2 〉,
where ν1, ν2 = 1 or a fixed quadratic non-residue modulo p. By Lemma 5.10 we get
groups (M54)–(M57).
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In the following, we may assume that |M ′| = p. Hence M ′ = 〈a22〉 and |G| = p
m+4.
If [a2, a1] 6= 1, then |〈a1, a2〉| = p
m+2 since G ∈ A3. It follows that m = 2 and
|G| = p6. By suitable replacement, we may assume that
G = 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bp2 = atp2 , [a1, b] = a2, [a2, a1] = ap2, [a2, b] = aνp1 〉,
where t ∈ Fp, ν = 1 or a fixed quadratic non-residue modulo p. By Lemma 5.11 we get
the group (M58).
If [a2, a1] = 1, then, by suitable replacement, we may assume that
G = 〈b, a1; a2
∣∣ ap21 = ap22 = 1, bpm = atp2 , [a1, b] = a2, [a2, a1] = 1, [a2, b] = aνp1 asp2 〉,
where s, t ∈ Fp. By Lemma 5.12 we get groups (M59)–(M60).
Case 4: G¯ is the group (7) in Lemma 2.5. That is, G¯ = 〈a¯1, b¯; a¯2
∣∣ a¯91 = a¯32 = 1, b¯3 =
a¯31, [a¯1, b¯] = a¯2, [a¯2, b¯] = a¯
−3
1 , [a¯2, a¯1] = 1〉.
In this case, we have d(M¯ ) = d(〈a¯2, a¯1〉) = 2, a contradiction.
Case 5: G¯ is the group (F4) in Main Theorem. That is, G¯ = 〈a¯1, b¯; a¯2
∣∣ a¯91 = a¯92 =
b¯3
m
= 1, [a¯1, b¯] = a¯2, [a¯2, b¯] = a¯
−3
1 a¯
3t
2 , [a¯1, a¯2] = 1〉, where t = 1, 2.
Since d(M¯ ) = 3, we have m ≥ 2 and M = 〈a1, a2, b
3〉. By Lemma 2.6 (4), |M ′| = 3.
By Lemma 2.6 (3), m = 2 and hence |G| = 37. Let N = 〈a2, b,M
′〉. Then N is maximal
in G and d(N) = 2. It follows that N ∈ A2. By calculation, a
9
2 = [a
3
1, b]
3 = [a91, b] = 1.
Since |〈a32, b〉| ≤ 3
4, we have [a32, b] = 1. By calculation, a
9
1 = [b, a2]
3 = [b, a32] = 1.
Hence exp(N ′) = 3. Let L = 〈a31, b〉. Then L ∈ A1. It follows that |L| = 3
5. Hence
b9 6= 1. That is, M ′ = 〈b9〉. By calculation, [a2, b
3] = 1 and [a1, b
3] = 1. Hence
[a2, a1] 6= 1. Then we may assume
G = 〈b, a1; a2
∣∣ a91 = a92 = b27 = 1, [a1, b] = a2, [a2, a1] = b9s, [a2, b] = a−31 a3t2 b9r〉,
where s, t = 1, 2. By replacing b with a−rs1 we get the group (M61).
Case 6: G¯ is the group (F5) in Main Theorem. That is, G¯ = 〈a¯1, b¯; a¯2
∣∣ a¯91 = a¯92 =
1, b¯3
m
= a¯−32 , [a¯1, b¯] = a¯2, [a¯2, b¯] = a¯
−3
1 a¯
−3
2 , [a¯1, a¯2] = 1〉.
Since d(M¯ ) = 3, we have m ≥ 2 and M = 〈a1, a2, b
3〉. By Lemma 2.6 (4), |M ′| = 3.
By Lemma 2.6 (3), m = 2 and hence |G| = 37. Let N = 〈a2, b,M
′〉. Then N is maximal
in G and d(N) = 2. It follows that N ∈ A2. By calculation we have
a92 = [a
3
1, b]
3 = [a91, b] = 1 and a
9
1 = [b, a2]
3 = [b, a32] = 1.
Hence exp(N ′) = 3. Let L = 〈a31, b〉. Then L ∈ A1. It follows that |L| = 3
5. Hence
b9 6= a−32 . That is, M
′ = 〈a32b
9〉. By calculation, [a2, b
3] = 1 and [a1, b
3] = 1. Hence
[a2, a1] 6= 1. Then we may assume [a2, a1] = a
3s
2 b
9s, where s = 1, 2. By calculation,
〈a2b
3, a1〉 ∈ A1 and is of order 3
4, which contradicts that G ∈ A3.
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Case 7: G¯ is the group (F6) in Main Theorem. That is, G¯ = 〈a¯1, b¯; a¯2, a¯3, a¯4
∣∣ a¯pi =
b¯p
m
= 1, [a¯j , b¯] = a¯j+1, [a¯4, b¯] = 1, [a¯i, a¯j ] = 1〉, where p ≥ 5, 1 ≤ i ≤ 4, 1 ≤ j ≤ 3.
In this case, we have d(M¯ ) = d(〈a¯1, a¯2, a¯3, a¯4, b¯
p〉) = 5, a contradiction.
Case 8: G¯ is the group (F7) in Main Theorem. That is, G¯ = 〈a¯1, b¯; a¯2, a¯3
∣∣ a¯pi =
b¯p
m+1
= 1, [a¯j , b¯] = a¯j+1, [a¯3, b¯] = b
pm, [a¯i, a¯j ] = 1〉, where p ≥ 5, 1 ≤ i ≤ 3, 1 ≤ j ≤ 2.
In this case, we have d(M¯ ) = d(〈a¯1, a¯2, a¯3, b¯
p〉) = 4, a contradiction.
Case 9: G¯ is the group (F8) in Main Theorem. That is, G¯ = 〈a1, b; a¯2, a¯3
∣∣ a¯p21 =
a¯pi = b¯
pm = 1, [a¯j , b] = a¯j+1, [a¯3, b¯] = a¯
tp
1 , [a¯i, a¯j ] = 1〉, where 2 ≤ i ≤ 3, 1 ≤ j ≤ 2,
and t = t1, t2, . . . , t(3,p−1), where p ≥ 5, t1, t2, . . . , t(3,p−1) are the coset representatives
of the subgroup (F ∗p )
3 in F ∗p .
Since d(M¯ ) = 3, we have m = 1 and M = 〈a1, a2, a3〉. Since G
′ is abelian, [a2, a3] =
1. By calculation we have
[a3, a1] = [a2, b, a1] = [a2, a1, b] = 1.
It follows that
[a1, a2] 6= 1, |M
′| = p and |G| = p6.
By calculation we have
ap3 = [a2, b]
p = [ap2, b] = 1, a
p
2 = [a
p
1, b] = 1 and a
tp2
1 = [a
p
3, b] = 1.
Let [a2, a1] = d. Then we may assume
G = 〈b, a1; a2, a3, d
∣∣ ap21 = ap2 = ap3 = 1, bp = ds, [a1, b] = a2, [a2, a1] = d, [a2, b] =
a3, [a3, b] = a
tp
1 d
r〉.
Since [a3, ba
x
1 ] = a
tp
1 d
r 6= 1, we have |〈a3, ba
x
1〉| = p
4 for any x. It follows that the
equation st− rx ≡ 0 (mod p) about x has no solution. Hence we have r = 0 and s 6= 0.
By suitable replacement we get the group (M62).
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 5.13 as follows.
Since d(G) = 2, (µ0, µ1, µ2) = (0, 0, 1 + p). In the following, we calculate α1(G).
Case 1. G is one of the groups (M1)–(M19).
Since |G′| = p2, |M ′| = p for any M ∈ Γ1. By Lemma 2.6 (7), α1(M) = p
2. By
Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = (1 + p)p
2 = p2 + p3.
Case 2. G is one of the groups (M20)–(M36).
In this case, G = 〈a, b〉 such that [a, b] = c, cp
2
= 1, [c, a] = 1 and [c, b] 6∈ 〈cp〉. All
maximal subgroups of G are:
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M = 〈c, a,Φ(G)〉;
Mi = 〈c, ba
i,Φ(G)〉, where 0 ≤ i ≤ p− 1.
It is easy to see that |M ′| = p. By Lemma 2.6 (7), α1(M) = p
2. By calculation,
d(Mi) = 3 and |M
′
i | = p
2. Hence α1(Mi) = p
2 + p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = p
2 + p× (p2 + p) = p3 + 2p2.
Case 3. G is one of the groups (M37).
All maximal subgroups of G are:
M = 〈c, a,Φ(G)〉;
Mi = 〈c, ba
i,Φ(G)〉, where i = 0, 1.
By calculation, d(M) = 3 and |M ′| = p2. Hence α1(M) = p
2 + p. Similarly,
α1(Mi) = p
2 + p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = (1 + p)(p
2 + p) = p3 + 2p2 + p.
Case 4. G is one of the groups (M38)–(M39).
In this case, G = 〈a, b〉 such that [a, b] = c, c4 = 1, [c, a] = c2 and [c, b] 6∈ 〈c2〉. All
maximal subgroups of G are:
M = 〈c, a,Φ(G)〉;
Mi = 〈c, ba
i,Φ(G)〉, where i = 0, 1.
By calculation, M = 〈c, a, b2〉 such that d(M) = 3 and |M ′| = p2 = 4, Mi =
〈c, bai, a2〉 such that d(Mi) = 3 and |M
′
i | = p = 2. By Lemma 2.6, α1(M) = p
2+ p and
α1(Mi) = p
2. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = (p
2 + p) + p× p2 = p3 + p2 + p.
Case 5. G is one of the groups (M40)–(M43).
Let H ∈ Γ1. Then |H
′| = p. By Lemma 2.6, α1(H) = p
2. By Hall’s enumeration
principle,
α1(G) =
∑
H∈Γ1
α1(H) = (1 + p)× p
2 = p3 + p2.
Case 6. G is one of the groups (M44)–(M46).
In this case, G = 〈a, b〉 such that [a, b] = c, cp
2
= 1, [c, a] = cp and [c, b] 6∈ 〈cp〉 where
p > 2. All maximal subgroups of G are:
M = 〈c, a,Φ(G)〉;
Mi = 〈c, ba
i,Φ(G)〉, where i = 0, 1.
71
By calculation, M = 〈c, a, b2〉 such that d(M) = 3 and |M ′| = p, Mi = 〈c, ba
i, a2〉
such that d(Mi) = 3 and |M
′
i | = p
2. By Lemma 2.6, α1(M) = p
2 and α1(Mi) = p
2+ p.
By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = p
2 + p× (p2 + p) = p3 + 2p2.
Case 7. G is the group (M47).
Let H ∈ Γ1. Then |H
′| = p. By Lemma 2.6, α1(H) = p
2. By Hall’s enumeration
principle,
α1(G) =
∑
H∈Γ1
α1(H) = (1 + p)× p
2 = p3 + p2.
Case 8. G is one of the groups (M48)–(M53).
In this case, Φ(G) is abelian and |M ′| = p. Let H ∈ Γ1 \ {M}. Then d(H) = 2.
Hence α1(H) = p and α1(M) = p
2. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = p
2 + p× p = 2p2.
Case 9. G is one of the groups (M54)–(M57).
In this case, Φ(G) is abelian and |M ′| = p2. Let H ∈ Γ1 \ {M}. Then d(H) = 2.
Hence α1(H) = p and α1(M) = p
2 + p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = (p
2 + p) + p× p = 2p2 + p.
Case 10. G is one of the groups (M58)–(M62).
In this case, Φ(G) is abelian and |M ′| = p. Let H ∈ Γ1 \ {M}. Then d(H) = 2.
Hence α1(H) = p and α1(M) = p
2. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H) = p
2 + p× p = 2p2.

Lemma 5.14. Suppose that p ≥ 3 and G(ν, k) = 〈a, b, x
∣∣ ap3 = bp3 = xp = 1, [a, b] =
ap, [x, b] = ap
2
, [x, a] = bνp
2
akp
2
〉, where k ∈ Fp and ν = 1 or a fixed quadratic non-
residue modula p.
(1) If G = G(ν, k), then |G| = p7, G′ = 〈ap, bp
2
〉, G3 = 〈a
p2〉;
(2) G(ν ′, k′) ∼= G(ν, k) if and only if ν ′ = ν and k′ = ±k.
(3) G(ν, k) ∈ A3 if and only if k
2 + 4ν is not a square.
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Proof (1) Let
K = 〈a, b
∣∣ ap3 = bp3 = 1, [a, b] = ap〉.
We define an automorphism γ of K as follows:
aγ = aa−kp
2
b−νp
2
, bγ = ba−p
2
.
Then
aγ
p
= 1, bγ
p
= 1, o(γ) = p.
It follows from the cyclic extension theory that G = 〈K,x〉 is a cyclic extension of K
by Cp. Hence |G| = p
7. It is easy to check that G′ = 〈ap, bp
2
〉, G3 = 〈a
p2〉.
(2) For convenience, let G = 〈a, b, x〉 ∼= G(ν, k), G¯ = 〈a¯, b¯, x¯〉 ∼= G(ν ′, k′) and θ be an
isomorphism from G¯ to G. Since M = 〈x, b, ap〉 is the unique three-generator maximal
subgroups such that M ′ ∼= C2p , M char G. Similarly, M¯ = 〈x¯, b¯, a¯
p〉 char G¯. Since
M,Φ(G),Ω1(G) = 〈x, a
p2 , bp
2
〉 and M¯,Φ(G¯),Ω1(G¯) = 〈x¯, a¯
p2 , b¯p
2
〉 are characteristic in
G and G¯ respectively, we may assume that a¯θ = alxnw, b¯θ = bixjy, x¯θ = xrz where
l, i, r ∈ F ∗p and w, y ∈ Φ(G), z ∈ Ω1(M).
Since [al, bip] = [a¯θ, (b¯p)θ] = [a¯, b¯p]θ = (a¯p
2
)θ, we have alip
2
= alp
2
. Comparing index
of ap
2
in two sides, we have i = 1.
Since [xr, b] = [x¯θ, b¯θ] = (a¯p
2
)θ = alp
2
, we have arp
2
= alp
2
. Comparing index of ap
2
in two sides, we have r = l.
Since [xr, ar] = [x¯θ, a¯θ] = (b¯ν
′p2 a¯k
′p2)θ = bν
′p2ark
′p2 , we have br
2νp2ar
2kp2 = bν
′p2ark
′p2 .
Comparing indexes of ap
2
and bp
2
in two sides, we have ν ′ = r2ν and k′ = rk.
Since ν ′ = r2ν, ν = ν ′ = 1 or ν ′ = ν is a fixed quadratic non-residue modula p.
Moreover, r2 = 1 and hence r = ±1. It follows that k′ = ±k.
On the other hand, if ν ′ = ν and k′ = −k, then, θ : a¯→ a−1, b¯→ b, x¯→ x−1 is an
isomorphism from G¯ to G.
(3) All maximal subgroups of G(ν, k) are:
N = 〈b, x, ap〉;
Ni = 〈ab
i, x, bp〉 where 0 ≤ i, j ≤ p− 1.
Nij = 〈ax
i, bxj〉 where 0 ≤ i, j ≤ p− 1.
It is easy to see that N = 〈x, b〉 ∗ 〈ap〉 ∈ A2. Since Nij ∼= 〈a, b〉, Nij ∈ A2. Hence
G(ν, k) ∈ A3 if and only if Ni ∈ A2 for any i. Let a1 = ab
i and b1 = b
p. Then
Ni = 〈a1, b1, x〉 such that
ap
3
1 = b
p2
1 = x
p = 1, [a1, b1] = a
p2
1 b
−ip
1 , [x, a1] = a
(k+i)p2
1 b
(ν−ik−i2)p
1 , [x, b1] = 1〉.
By calculation, [x, a1] 6= 1 for any i. Hence 〈x, a1〉 ∈ A1. Since G(ν, k) ∈ A3, |〈x, a1〉| =
p5. It follows that ν − ik − i2 6= 0 for any i. That is, equation i2 + ik − ν = 0 about i
has no solution. Hence k2 + 4ν is not a square.
On the other hand, if k2 + 4ν is not a square, then it can be proved that Ni ∈ A2
for any i. Hence G(ν, k) ∈ A3 if and only if k
2 + 4ν is not a square. 
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Theorem 5.15. Suppose that G is an A3-group all of whose maximal subgroups are
A2-groups and there exists a three-generator maximal subgroup in G, and M
′ ≤ Z(G)
for every three-generator maximal subgroup M . Then d(G) = 3 if and only if G is
isomorphic to one of the following pairwise non-isomorphic groups:
(Ni) Φ(G) ≤ Z(G) and c(G) = 2. In this case, (µ0, µ1, µ2) = (0, 0, 1 + p + p
2) and
α1(G) = p
4 + p3 + p2.
(N1) 〈a, b, c
∣∣ ap3 = bp2 = cp2 = 1, [b, c] = ap2 , [c, a] = cp, [a, b] = b−p〉, where p
is odd; moreover, |G| = p7, G′ = 〈ap
2
, bp, cp〉 ∼= C3p and Φ(G) = Z(G) =
〈ap, bp, cp〉 ∼= Cp2 × Cp × Cp.
(N2) 〈a, b, c; d
∣∣ ap2 = bp2 = cp2 = dp = 1, [b, c] = d, [c, a] = bp, [a, b] = cνp, [d, a] =
[d, b] = [d, c] = 1〉, where p is odd, ν = 1 or a fixed quadratic non-residue
modulo p such that −ν 6∈ (F ∗p )
2; moreover, |G| = p7, Φ(G) = Z(G) =
〈ap, bp, cp, d〉 ∼= C4p and G
′ = 〈bp, cp, d〉 ∼= C3p .
(N3) 〈a, b, c; d
∣∣ ap2 = bp2 = cp2 = dp = 1, [b, c] = d, [c, a]1+r = brpc−p, [a, b]1+r =
bpcp, [d, a] = [d, b] = [d, c] = 1〉, where p is odd, −r ∈ Fp is not a square;
moreover, |G| = p7, Φ(G) = Z(G) = 〈ap, bp, cp, d〉 ∼= C4p and G
′ = 〈bp, cp, d〉 ∼=
C3p .
(N4) 〈a, b, c
∣∣ a8 = b4 = c4 = 1, [b, c] = a4, [c, a] = c2, [a, b] = b2〉; where |G| = 27,
G′ = 〈a4, b2, c2〉 ∼= C32 and Φ(G) = Z(G) = 〈a
2, b2, c2〉 ∼= C4 ×C2 × C2.
(N5) 〈a, b, c; d
∣∣ a4 = b4 = c4 = d2 = 1, [b, c] = d, [c, a] = b2, [a, b] = b2c2, [d, a] =
[d, b] = [d, c] = 1〉, where |G| = 27, Φ(G) = Z(G) = 〈a2, b2, c2, d〉 ∼= C42 and
G′ = 〈b2, c2, d〉 ∼= C32 .
(Nii) Z(G)  Φ(G) and c(G) = 3. In this case, (µ0, µ1, µ2) = (0, 0, 1 + p + p2) and
α1(G) = p
3 + p2.
(N6) 〈a, b, x
∣∣ apr+2 = xp = 1, bpr+s+t = apr+s, [a, b] = apr , [x, a] = [x, b] = 1〉 =
〈a, b〉 × 〈x〉, where r ≥ 2 for p = 2, r ≥ 1 for p ≥ 3, t ≥ 0, 0 ≤ s ≤ 2 and
r + s ≥ 2; moreover, |G| = p2r+s+t+3, Φ(G) = 〈ap, bp〉 ∼= Cpr+t+1 × Cpr+s−1,
G′ = 〈ap
r
〉 ∼= Cp2 and Z(G) = 〈a
p2 , bp
2
, x〉 ∼= Cpr+t × Cpr+s−2 × Cp.
(N7) 〈a, b, x
∣∣ ap3 = bpt+3 = 1, xp = ap2 , [a, b] = ap, [x, a] = [x, b] = 1〉, where
p ≥ 3 and t ≥ 0; moreover, |G| = pt+7, Φ(G) = 〈ap, bp〉 ∼= Cpt+2 × Cp2,
G′ = 〈ap〉 ∼= Cp2, Z(G) = 〈a
p2 , bp
2
, x〉 ∼= Cpt+1 × C
2
p .
(N8) 〈a, b, x
∣∣ ap3 = 1, bp2 = xp = ap2 , [a, b] = ap, [x, a] = [x, b] = 1〉, where p ≥ 3;
moreover, |G| = p6, Φ(G) = 〈ap, bp〉 ∼= Cp2 × Cp, G
′ = 〈ap〉 ∼= Cp2 and
Z(G) = 〈x〉 ∼= Cp2.
(N9) 〈a, b, x; c
∣∣ ap2 = bp2 = cp = xp = 1, [a, b] = c, [c, a] = bνp, [c, b] = ap, [x, a] =
[x, b] = 1〉 = 〈a, b〉 × 〈x〉, where p ≥ 5, ν is a fixed quadratic non-residue
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modulo p; moreover, |G| = p6, Φ(G) = G′ = 〈ap, bp, c〉 ∼= C3p and Z(G) =
〈ap, bp, x〉 ∼= C3p .
(N10) 〈a, b, x; c
∣∣ ap2 = bp2 = cp = xp = 1, [a, b] = c, [c, a] = a−pb−lp, [c, b] =
a−p, [x, a] = [x, b] = 1〉 = 〈a, b〉 × 〈x〉, where p ≥ 5, 4l = ρ2r+1 − 1, r =
1, 2, . . . , 12 (p− 1), ρ is the smallest positive integer which is a primitive root
modulo p; moreover, |G| = p6, Φ(G) = G′ = 〈ap, bp, c〉 ∼= C3p and Z(G) =
〈ap, bp, x〉 ∼= C3p .
(N11) 〈a, b, x; c
∣∣ a9 = b9 = c3 = x3 = 1, [a, b] = c, [c, a] = b−3, [c, b] = a3, [a3, b] =
[x, a] = [x, b] = 1〉 = 〈a, b〉 × 〈x〉; moreover, |G| = 36, Φ(G) = G′ =
〈a3, b3, c〉 ∼= C33 and Z(G) = 〈a
3, b3, x〉 ∼= C33 .
(N12) 〈a, b, x; c
∣∣ a9 = b9 = c3 = x3 = 1, [a, b] = c, [c, a] = b−3, [c, b] = a−3, [x, a] =
[x, b] = 1〉 = 〈a, b〉 × 〈x〉; moreover, |G| = 36, Φ(G) = G′ = 〈a3, b3, c〉 ∼= C33
and Z(G) = 〈a3, b3, x〉 ∼= C33 .
(Niii) Z(G) < Φ(G) and G has at least two three-generator maximal subgroups, in
this case, c(G) = 2 for (N24) and c(G) = 3 for else. Moreover, (µ0, µ1, µ2) =
(0, 0, 1 + p+ p2) and α1(G) = p
3 + p2 except for (N14), (N18) and (N22)–(N24).
(N13) 〈a, b, x
∣∣ a8 = b4 = x2 = 1, [a, b] = a−2, [x, a] = a4, [x, b] = 1〉; moreover,
|G| = 26, Φ(G) = 〈a2, b2〉 ∼= C4×C2, G
′ = 〈a2〉 ∼= C4, Z(G) = 〈a
4, b2〉 ∼= C22 ,
(µ0, µ1, µ2) = (0, 0, 7) and α1(G) = 12;
(N14) 〈a, b, x
∣∣ a8 = b8 = x2 = 1, [a, b] = a−2, [x, a] = b4, [x, b] = a4〉; moreover,
|G| = 27, Φ(G) = 〈a2, b2〉 ∼= C4 × C4, G
′ = 〈a2, b4〉 ∼= C4 × C2, Z(G) =
〈a4, b2〉 ∼= C4 × C2 and α1(G) = 14;
(N15) 〈a, b, x
∣∣ a8 = x2 = 1, b4 = a4, [a, b] = a−2, [x, a] = a4, [x, b] = 1〉; where
|G| = 26, Φ(G) = 〈a2, b2〉 ∼= C4×C2, G
′ = 〈a2〉 ∼= C4 and Z(G) = 〈b
2〉 ∼= C4.
(N16) 〈a1, b, x; a2, a3
∣∣ ap1 = ap2 = ap3 = bp = xp = 1, [a1, b] = a2, [a2, b] = [x, a1] =
a3, [a3, b] = 1, [x, b] = [ai, aj ] = 1〉, where p > 3 and 1 ≤ i, j ≤ 3; where
|G| = p5, Φ(G) = G′ = 〈a2, a3〉 ∼= C2p and Z(G) = 〈a3〉
∼= Cp.
(N17) 〈a1, b, x; a2
∣∣ ap1 = ap2 = bp = xp2 = 1, [a1, b] = a2, [a2, b] = [x, a1] =
xp, [a2, a1] = [a2, x] = [x, b] = 1〉, where p > 2; moreover, |G| = p
5,
Φ(G) = G′ = 〈a2, x
p〉 ∼= C2p and Z(G) = 〈x
p〉 ∼= Cp.
(N18) 〈a1, b, x; a2
∣∣ ap1 = ap2 = bp2 = xp2 = 1, [a1, b] = a2, [a2, b] = xp, [x, a1] =
bp, [a2, a1] = [a2, x] = [x, b] = 1〉, where p > 2; moreover, |G| = p
6, Φ(G) =
G′ = 〈a2, x
p, bp〉 ∼= C3p , Z(G) = 〈b
p, xp〉 ∼= Cp×Cp and α1(G) = p
2+2p2−p.
(N19) 〈a1, b, x; a2
∣∣ ap1 = ap2 = bp2 = xp = 1, [a1, b] = a2, [a2, b] = [x, a1] =
bp, [a2, a1] = [a2, x] = [x, b] = 1〉, where p > 2; moreover, |G| = p
5,
Φ(G) = G′ = 〈a2, b
p〉 ∼= C2p and Z(G) = 〈b
p〉 ∼= Cp.
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(N20) 〈a1, b, x; a2
∣∣ ap21 = ap2 = bp = xp = 1, [a1, b] = a2, [a2, b] = aνp1 , [x, a1] =
ap1, [a2, a1] = [a2, x] = [x, b] = 1〉, where p > 2 and ν = 1 or a fixed quadratic
non-residue modulo p; moreover, |G| = p5, Φ(G) = G′ = 〈a2, a
p
1〉
∼= C2p and
Z(G) = 〈ap1〉
∼= Cp.
(N21) 〈a1, b, x; a2
∣∣ a91 = a32 = x3 = 1, b3 = a31, [a1, b] = a2, [a2, b] = a−31 , [x, a1] =
a31, [a2, a1] = [a2, x] = [x, b] = 1〉; moreover, |G| = 3
5, Φ(G) = G′ =
〈a2, a
3
1〉
∼= C23 and Z(G) = 〈a
3
1〉
∼= C3.
(N22) 〈a, b, x
∣∣ ap3 = bp3 = xp = 1, [a, b] = ap, [x, b] = ap2 , [x, a] = bνp2akp2〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modulo p, 0 ≤ k ≤ p−12 such
that k2+4ν is not a square; moreover, |G| = p7, Φ(G) = 〈ap, bp〉 ∼= Cp2×Cp2,
G′ = 〈ap, bp
2
〉 ∼= Cp2 × Cp, Z(G) = 〈a
p2 , bp
2
〉 ∼= C2p , (µ0, µ1, µ2) = (0, 0, 1 +
p+ p2) and α1(G) = p
3 + 2p2.
(N23) 〈a, b, x
∣∣ ap3 = bpt+3 = xp = 1, [a, b] = ap, [x, b] = ap2bpt+2 , [x, a] = 1〉, where
p > 2 and t ≥ 1; moreover, |G| = pt+7, Φ(G) = 〈ap, bp〉 ∼= Cp2 × Cpt+2,
G′ = 〈ap, bp
t+2
〉 ∼= Cp2 × Cp, Z(G) = 〈a
p2 , bp
2
〉 ∼= Cp × Cpt+1, (µ0, µ1, µ2) =
(0, 0, 1 + p+ p2) and α1(G) = p
3 + 2p2.
(N24) 〈a, b, x
∣∣ apt+4 = bp3 = xp = 1, [a, b] = apt+2 , [x, a] = bp2 , [x, b] = 1〉, where t ≥
0; moreover, |G| = pt+8, Φ(G) = 〈ap, bp〉 ∼= Cp2 × Cpt+3, G
′ = 〈ap
t+2
, bp
2
〉 ∼=
Cp2 × Cp, Z(G) = 〈a
p2 , bp
2
〉 ∼= Cp × Cpt+2, (µ0, µ1, µ2) = (0, 0, 1 + p + p
2)
and α1(G) = p
3 + 2p2.
(Niv) Z(G) < Φ(G), c(G) = 3 and G has a unique three-generator maximal subgroup.
In this case, (µ0, µ1, µ2) = (0, 0, 1 + p+ p
2) and α1(G) = 2p
2.
(N25) 〈a, b, d
∣∣ apm+1 = bp2 = dp = 1, [a, b] = apm−1 , [d, a] = bp, [d, b] = 1〉, where
p > 2 and m ≥ 2; moreover, |G| = pm+4, Φ(G) = 〈ap, bp〉 ∼= Cpm × Cp,
G′ = 〈ap
m−1
, bp〉 ∼= Cp2 × Cp and Z(G) = 〈a
p2〉 ∼= Cpm−1 .
(N26) 〈a, b, d
∣∣ ap3 = bp2 = dp = 1, [a, b] = ap, [d, a] = bp, [d, b] = aνp2〉, where
p > 2, ν = 1 or a fixed quadratic non-residue modulo p; moreover, |G| = p6,
Φ(G) = G′ = 〈ap, bp〉 ∼= Cp × Cp2 and Z(G) = 〈a
p2〉 ∼= Cp.
Proof If Φ(G) ≤ Z(G), then, since G has no abelian maximal subgroup, Φ(G) =
Z(G). Hence G is one of the groups listed in [23, Theorem 3.1,4.1,5.1,6.1,7.1-7.2,7.6].
By hypothesis, the minimal index of A1-subgroups and the maximal index of A1-
subgroups are 2. By checking [23, Theorem 3.3, 4.3,5.2,6.3,7.4-7.5,7.7], we get groups
(N1)–(N5).
In the following, we may assume Φ(G) 6≤ Z(G).
Case 1: Z(G) 6≤ Φ(G).
Then there exists a maximal subgroupM such that Z(G) M . Let x ∈ Z(G)\M .
Then G = 〈M,x〉 and xp ∈ Z(M). If d(M) = 3, then G′ = M ′ ≤ Z(G) and exp(G′) =
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Groups Groups in [23, Theorem 4.1 & 7.1] Groups Groups in [23, Theorem 4.1 & 7.1]
(N1) (D1) where m1 = 2 (N4) (M1) where m1 = 2
(N2) (E3) where m1 = 2 and −ν 6∈ F 2p (N5) (N3) where m1 = 2
(N3) (E4) where m1 = 2 and −ν 6∈ F 2p
Table 12: The correspondence from (N1)–(N5) to [23, Theorem 4.1 & 7.1]
p. It follows that Φ(G) ≤ Z(G), a contradiction. Hence d(M) = 2. IfM has an abelian
subgroup of index p, then G also has an abelian subgroup of index p, a contradiction.
Hence α1(M) = 1 + p.
Since any maximal subgroup ofM is an A1-group,M is one of the groups (17)–(21)
in Lemma 2.5.
Subcase 1.1: M is the group of Type (17) in Lemma 2.5. That is, M = 〈a, b
∣∣
ap
r+2
= 1, bp
r+s+t
= ap
r+s
, [a, b] = ap
r
〉, where r ≥ 2 for p = 2, r ≥ 1 for p ≥ 3, t ≥ 0,
0 ≤ s ≤ 2 and r + s ≥ 2.
If s = 2, then
Z(M) = 〈ap
2
〉 × 〈bp
2
〉, |M | = p2r+t+4 and |G| = p2r+t+5.
Since xp ∈ Z(G), we may assume xp = aip
2
bjp
2
. Since
|〈xb−jp, a〉| = pr+3 < p2r+t+3 =
|G|
p2
,
we have [xb−jp, a] = 1 and hence xb−jp ∈ Z(G). By replacing x with xb−jp we get
xp = aip
2
.
If [xa−ip, b] = 1, then, replacing x with xa−ip, we get xp = 1 and G is a group of
Type (N6).
If [xa−ip, b] 6= 1, then (i, p) = 1. Without loss of generality, we may assume xp = ap
2
.
Since G ∈ A3, we have
|〈xa−ip, b〉| = pr+t+4 =
|G|
p2
= p2r+t+3.
It follows that r = 1, p ≥ 3 and G is a group of Type (N7).
If s = 1 and r ≥ 2, then
Z(M) = 〈ap
2
b−p
t+2
〉 × 〈bp
2
〉, |M | = p2r+t+3 and |G| = p2r+t+4.
Since xp ∈ Z(G), we may assume xp = (ap
2
b−p
t+2
)ibjp
2
. Since
|〈xa−ip, b〉| = pr+t+3 < p2r+t+2 =
|G|
p2
,
we have [xa−ip, b] = 1 and hence xa−ip ∈ Z(G). By replacing x with xa−ip we get
xp = bj
′p2 . Since
|〈xb−j
′p, a〉| = pr+3 < p2r+t+2 =
|G|
p2
,
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we have [xb−j
′p, a] = 1 and hence xb−j
′p ∈ Z(G). By replacing x with xb−j
′p we get
xp = 1 and G is a group of Type (N6).
If s = 1 and r = 1, then
p ≥ 3 and Z(M) = 〈bp
2
〉, |M | = pt+5 and |G| = pt+6.
Since xp ∈ Z(G), we may assume xp = bjp
2
.
If [xb−jp, a] = 1, then, replacing x with xb−jp, we get xp = 1 and G is a group of
Type (N6).
If [xb−jp, a] 6= 1, then (j, p) = 1. Without loss of generality, we may assume xp = bp
2
.
Since G ∈ A3, we have
|〈xb−p, a〉| = p4 =
|G|
p2
= pt+4.
It follows that t = 0 and G is a group of Type (N8).
If s = 0 and r ≥ 3, then
Z(M) = 〈ap
2
b−p
t+2
〉 × 〈bp
2
〉, |M | = p2r+t+2 aand |G| = p2r+t+3.
Since xp ∈ Z(G), we may assume xp = (ap
2
b−p
t+2
)ibjp
2
. Since
|〈xa−ip, b〉| = pr+t+3 < p2r+t+1 =
|G|
p2
,
we have [xa−ip, b] = 1 and hence xa−ip ∈ Z(G). Replacing x with xa−ip, we get
xp = bj
′p2 . Since
|〈xb−j
′p, a〉| = pr+3 < p2r+t+1 =
|G|
p2
,
we have [xb−j
′p, a] = 1 and hence xb−j
′p ∈ Z(G). Replacing x with xb−j
′p, we get
xp = 1 and G is a group of Type (N6).
If s = 1 and r ≤ 2, then
p ≥ 3, r = 2, Z(M) = 〈bp
2
〉, |M | = pt+6 and |G| = pt+7.
Since xp ∈ Z(G), we may assume xp = bjp
2
. Since
|〈xb−jp, ab−p
t
〉| ≤ p4 < pt+5 =
|G|
p2
,
we have [xb−jp, a] = 1 and hence xb−jp ∈ Z(G). By replacing x with xb−jp we get
xp = 1 and G is a group of Type (N6).
Subcase 1.2: M is the group of Type (18) in Lemma 2.5. That is, M = 〈a, b; c
∣∣
ap
2
= bp
2
= cp = 1, [a, b] = c, [c, a] = bνp, [c, b] = ap〉, where p ≥ 5, ν is a fixed quadratic
non-residue modulo p.
In this subcase, Z(M) = 〈ap, bp〉, |M | = p5 and |G| = p6. Since xp ∈ Z(G), we may
assume xp = aipbjp. Since |〈c, xa−ib−j〉| ≤ p3, we have [c, xa−ib−jp] = 1. It follows that
xp = 1. Hence we get the group (N9).
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Subcase 1.3: M is one of the groups (19)–(21) in Lemma 2.5.
By an argument similar to that of subcase 1.2, we get groups (N10)–(N12) respec-
tively. The details is omitted.
Case 2: Z(G) < Φ(G) and G has at least two three-generator maximal subgroups.
Let M1, · · · ,Ms be all three-generator maximal subgroups of G, N =M
′
1M
′
2 . . .M
′
s
and G¯ = G/N . Then G¯ has at least two abelian subgroups of index p and every non-
abelian subgroup of G¯ is generated by two elements. Since Φ(G) 6≤ Z(G), G¯ is not
abelian. By Lemma 2.13 we have G¯ ∈ A2. Hence G¯ is a group of Type (8)–(12) in
Lemma 2.5. Let G¯ = 〈a¯, b¯, x¯〉 and K = 〈a, b,Φ(G)〉. Then d(K) = 2 since K¯ is not
abelian. Since d(G) = 3, we have Φ(K) = Φ(G). It follows that K = 〈a, b〉 is maximal
in G and K ∈ A2. Hence K is a group of Type (1)–(7) or (17)–(21) in Lemma 2.5.
Subcase 2.1: K is a group of Type (1) in Lemma 2.5. That is, K = 〈a, b
∣∣ a8 =
b2
m
= 1, ab = a−1〉.
If m = 1, then Φ(G) = Φ(K) = 〈a2〉 and N = 〈a4〉. By calculation, a maximal
subgroup 〈a, c〉 of G is abelian or minimal non-abelian, a contradiction. Hence
m ≥ 2, Φ(G) = Φ(K) = 〈a2, b2〉, 〈a4〉 ≤ N ≤ 〈a4, b2
m−1
〉 and |G| = 2m+4.
Let M = 〈x, a, b2〉. Then M ∈ A2. Since x
2 ∈ Z(K) ∩ Φ(M), we may assume that
x2 = a4ib4j. By replacing x with xa2ib−2j we get x2 = 1. Since [x, b2] = [a, b2] = 1,
[x, a] 6= 1. Since G ∈ A3, |〈x, a〉| = 2
m+2. Since |〈x, a〉| ≤ 25, m ≤ 3.
If m = 2, then N = 〈a4〉. We have [x, a] = a4 and [x, b] = a4k. By replacing b with
bak we get [x, b] = 1. Hence G is the group (N13).
If m = 3, then |〈x, a〉| = 25. It follows that N = 〈a4, b4〉 and we may assume that
[x, a] = b4a4i. If [x, a] = b4a4, then [x, b] = b4 or [x, ba] = b4. It follows that |〈x, b〉| = 24
or |〈x, ba〉| = 24, a contradiction. Hence [x, a] = b4. By suitable replacement we get
[x, b] = a4. Hence G is the group (N14).
Subcase 2.2: K is a group of Type (2) in Lemma 2.5. That is, K = 〈a, b
∣∣ a8 =
b2
m
= 1, ab = a3〉.
If m = 1, then Φ(G) = Φ(K) = 〈a2〉 and N = 〈a4〉. By calculation, a maximal
subgroup 〈a, c〉 of G is abelian or minimal non-abelian, a contradiction. Hence
m ≥ 2, Φ(G) = Φ(K) = 〈a2, b2〉, 〈a4〉 ≤ N ≤ 〈a4, b2
m−1
〉 and |G| = 2m+4.
Let M = 〈x, a, b2〉. Then M ∈ A2. Since x
2 ∈ Z(K) ∩ Φ(M), we may assume
x2 = a4ib4j. By replacing x with xa2ib−2j we get x2 = 1. Since [x, b2] = [a, b2] = 1,
[x, a] 6= 1. If [x, a] = a4, then, replacing b with bx, it is reduced to Subcase 2.1.
Hence |〈x, a〉| = 25, m = 3, N = 〈a4, b4〉 and we may assume [x, a] = b4a4i. If
[x, a] = b4a4, then [x, b] = b4 or [x, ba] = b4. It follows that |〈x, b〉| = 24 or |〈x, ba〉| = 24,
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a contradiction. Hence [x, a] = b4. By suitable replacement we get [x, b] = a4. By
replacing a and b with ax and bx, respectively, we get the group (N14) again.
Subcase 2.3: K is a group of Type (3) in Lemma 2.5. That is, K = 〈a, b
∣∣ a8 =
1, b2
m
= a4, ab = a−1〉.
In this subcase, Φ(G) = Φ(K) = 〈a2, b2〉 and N = 〈a4〉. Let M = 〈x, a, b2〉. Then
M ∈ A2. Since x
2 ∈ Z(K)∩Φ(M), we may assume that x2 = b4i. By replacing x with
xb−2j we get x2 = 1. Since [x, b2] = [a, b2] = 1, [x, a] = a4. It follows that m = 2. By
suitable replacement we get [x, b] = 1. Hence G is the group (N15).
Subcase 2.4: K is a group of Type (4) in Lemma 2.5. That is, K = 〈a1, b; a2, a3
∣∣
ap1 = a
p
2 = a
p
3 = b
pm = 1, [a1, b] = a2, [a2, b] = a3, [a3, b] = 1, [ai, aj ] = 1〉, where p ≥ 5
for m = 1, p ≥ 3 and 1 ≤ i, j ≤ 3.
If m = 1, then p ≥ 5 and N = 〈a3〉. Let M = 〈x, a1, a2〉. Then M ∈ A2. Since
[x, a2] = [a1, a2] = 1, [x, a1] 6= 1. Without loss of generality assume [x, a1] = a3. By
suitable replacement we get [x, b] = 1.
If xp = 1, then G is the group (N16).
If xp 6= 1, then we may assume that a3 = x
ip, where (i, p) = 1. By replacing a1
and a2 with a
i−1
1 and [a
i−1
1 , b], respectively, we get [a2, b] = [x, a1] = x
p. Hence G is the
group (N17).
If m ≥ 2, then
Φ(G) = Φ(K) = 〈a2, a3, b
p〉 and 〈a3〉 ≤ N ≤ 〈a3, b
pm−1〉.
Let M = 〈x, a1, a2, a3, b
p〉. Then M ∈ A2. Since x
p ∈ Z(K) ∩ Φ(M), we may assume
xp = ai3b
jp. If (j, p) = 1, then 〈a1, xb
−j〉 ∈ A2 and is of order p
4, a contradiction. Hence
p
∣∣ j. By replacing x with xb−j we get xp = ai3. Since [x, a2] = [a1, a2] = 1, [x, a1] 6= 1.
Since |〈x, a1〉| ≤ p
4, we have m = 2, (i, p) = 1 and [x, a1] 6∈ 〈a3〉. It follows that
N = 〈a3, b
p〉. Without loss of generality assume that [a2, b] = x
p and [x, a1] = b
jpxkp,
where (j, p) = 1. Let [x, b] = bspxtp. By replacing x and b with xaj
−1s−t
2 and ba
−j−1s
1 ,
respectively, we get [x, b] = 1. By replacing b with bxj
−1k we get [x, a1] = b
jp. By
replacing b and x with bj
−1
and xj
−2
, respectively, we get [x, a1] = b
p. Hence G is the
group (N18).
Subcase 2.5: K is a group of Type (5) in Lemma 2.5. That is, K = 〈a1, b; a2
∣∣ ap1 =
ap2 = b
pm+1 = 1, [a1, b] = a2, [a2, b] = b
pm , [a1, a2] = 1〉, where p > 2.
In this subcase, N = 〈bp
m
〉. Let M = 〈x, a1, a2, b
p〉. Then M ∈ A2. Since [x, a2] =
[a1, a2] = 1, [x, a1] 6= 1. Without loss of generality assume [x, a1] = b
pm . Since
xp ∈ Z(K), we may assume xp = bip. If (i, p) = 1, then 〈a1, xb
−i〉 ∈ A2 and is of order
p4. If p
∣∣ i, then 〈a1, xb−i〉 ∈ A1 and is of order p3. Hence m = 1 and |G| = p5. By
suitable replacement we get [x, b] = 1.
If xp = 1, then G is the group of Type (N19).
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If xp = bip 6= 1, then, replacing a1 and b with a
i
1 and bx
−i−1 , respectively, we get
bp = 1 and [a2, b] = [x, a1] = x
p. Hence G is the group (N17).
Subcase 2.6: K is a group of Type (6) in Lemma 2.5. That is, K = 〈a1, b
∣∣ ap21 =
ap2 = b
pm = 1, [a1, b] = a2, [a2, b] = a
νp
1 , [a1, a2] = 1〉, where p > 2 and ν = 1 or a fixed
quadratic non-residue modulo p.
If m = 1, then N = 〈ap1〉. Let M = 〈x, a1, a2〉. Then M ∈ A2. Since [x, a2] =
[a1, a2] = 1, [x, a1] 6= 1. Without loss of generality assume [x, a1] = a
p
1. By suitable
replacement we get [x, b] = 1.
If xp = 1, then G is the group (N20).
If xp = aip1 6= 1, then, by suitable replacement, we get the group (N17).
If m ≥ 2, then
Φ(G) = Φ(K) = 〈a2, a
p
1, b
p〉 and 〈ap1〉 ≤ N ≤ 〈a3, b
pm−1〉.
Let M = 〈x, a1, a2, b
p〉. Then M ∈ A2. Since x
p ∈ Z(K) ∩ Φ(M), we may assume
that xp = aip1 b
jp. If (j, p) = 1, then 〈a1, xb
−j〉 ∈ A2 and is of order p
4, a contradiction.
Hence p
∣∣ j. By replacing x with xb−j we get xp = aip1 . If xp 6= 1, then, replacing
a1 with a1x
−i−1 , it is reduced to Subcase 2.4. Hence we may assume xp = 1. Since
[x, a2] = [a1, a2] = 1, we have [x, a1] 6= 1. Since |〈x, a1〉| ≤ p
4, we have m = 2 and
[x, a1] 6∈ 〈a
p
1〉. It follows that N = 〈a
p
1, b
p〉 and [x, a1] = b
jpakp1 , where (j, p) = 1. Let
[x, b] = bspatp1 . By replacing x with xa
−ν−1t
2 we get [x, b] = b
sp. Since |〈x, b〉| = p3,
[x, b] = 1. Assume (ba1)
p = bparp1 . By calculation we have [x
j−1ar−j
−1k
2 , ba1] = (ba1)
p.
It follows that 〈xj
−1
ar−j
−1k
2 , ba1〉 ∈ A1 and is of order p
3, a contradiction.
Subcase 2.7: K is a group of Type (7) in Lemma 2.5. That is, K = 〈a1, b; a2
∣∣ a91 =
a32 = 1, b
3 = a31, [a1, b] = a2, [a2, b] = a
−3
1 〉.
In this subcase, N = 〈a3〉 = 〈b3〉. If xp = b3i 6= 1, then, replacing b with bx−i, it
is reduced to Subcase 2.6. Hence we may assume x3 = 1. Let M = 〈x, a1, a2〉. Then
M ∈ A2. Since [x, a2] = [a1, a2] = 1, [x, a1] 6= 1. Without loss of generality assume
[x, a1] = a
3
1. By suitable replacement we get [x, b] = 1. Hence G is the group (N21).
Subcase 2.8: K is a group of Type (17) in Lemma 2.5. That is, K = 〈a, b
∣∣ apr+2 =
1, bp
r+s+t
= ap
r+s
, [a, b] = ap
r
〉, where r ≥ 2 for p = 2, r ≥ 1 for p ≥ 3, t ≥ 0, 0 ≤ s ≤ 2
and r + s ≥ 2.
In this subcase,
Z(K) = 〈ap
2
, bp
2
〉, |K| = p2r+s+t+2 and |G| = p2r+s+t+3.
If N = 〈ap
r+1
〉, then, assuming that [x, a] = aip
r+1
and [x, b] = ajp
r+1
, we get xa−jpbip ∈
Z(G), a contradiction. Hence |N | = p2. Since xp ∈ Z(G), we may assume that
xp = aip
2
bjp
2
. By replacing x with xa−ipb−jp we get xp = 1.
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If s = 2, then
Z(K) = 〈ap
2
〉 × 〈bp
2
〉, |K| = p2r+t+4, |G| = p2r+t+5 and N = 〈ap
r+1
, bp
r+t+1
〉.
Without loss of generality assume [x, b] 6= 1. Since |〈x, b〉| ≤ pr+t+4, r+t+4 ≥ 2r+t+3.
It follows that r = 1, p ≥ 3 and [x, b] 6∈ 〈bp
t+2
〉. We may assume [x, b] = ap
2
bkp
t+2
.
If [x, a] 6= 1, then t = 0, |G| = p7 and [x, a] 6∈ 〈ap
2
〉. By suitable replacement we
may assume that [x, b] = ap
2
and [x, a] = bνp
2
akp
2
, where ν = 1 or a fixed quadratic
non-residue modulo p. By Lemma 5.14 we have G is the group (N22).
If [x, a] = 1, then (k, p) = 1 since xa−p 6∈ Z(G). By replacing a and x with ak
−1
and xk
−1
, respectively, we have [x, b] = ap
2
bp
t+2
. If t = 0, then 〈x, ba〉 is not abelian
and is of order p4, a contradiction. Hence t ≥ 1 and G is the group (N23).
If s = 1, then
|K| = p2r+t+3, |G| = p2r+t+4, r ≥ 2 and N = 〈ap
r+1
, a−p
r
bp
r+t
〉.
Since |〈x, a−1bp
t
| ≤ pr+3 < p2r+t+2, [x, a−1bp
t
] = 1. Since Z(G) < Φ(G), [x, b] 6= 1.
Since |〈x, b〉| = pr+t+4 = p2r+t+2 = |G|
p2
, r = 2. Without loss of generality assume
[x, b] = a−p
2
bp
t+2
bip
t+3
. By replacing a with axa−ip we have [a, b] = bp
t+2
. By replacing
a and b with b and a−1bp
t
bip
t+1
, respectively, we get
G = 〈a, b, x
∣∣ apt+4 = bp3 = xp = 1, [a, b] = apt+2, [x, b] = 1, [x, a] = bp2〉.
Hence G is a group of Type (N24).
If s = 0, then r ≥ 2. By suitable replacement we have
K = 〈a, b
∣∣ apr+t+2 = bpr = 1, [a, b] = apr+t〉.
By calculation we have
Z(K) = 〈ap
2
〉 × 〈bp
2
〉, |K| = p2r+t+2, |G| = p2r+t+3, r ≥ 3 and N = 〈ap
r+t+1
, bp
r−1
〉.
Since |〈x, a〉| = pr+t+4 = |G|
p2
, r = 3. Without loss of generality assume [x, a] =
bp
2
akp
t+4
. By replacing b with bakp
t+2
we get [x, a] = bp
2
. Hence G is a group of Type
(N24).
Subcase 2.9: K is a group of Type (18) in Lemma 2.5. That is, K = 〈a, b
∣∣ ap2 =
bp
2
= cp = 1, [a, b] = c, [c, a] = bνp, [c, b] = ap〉, where p ≥ 5, ν is a fixed quadratic
non-residue modulo p.
In this subcase, |G| = p6 and N = Z(K) = 〈ap, bp〉. We claim that xp = 1.
Otherwise, since xp ∈ Z(K), we may assume that xp = aipbjp, where (i, j) 6= (0, 0). If
i 6= 0, then 〈xa−i, c〉 is not abelian and is of order p3, a contradiction. If j 6= 0, then
〈xb−j, c〉 is not abelian and is of order p3, a contradiction again. Hence xp = 1. Let
[x, a] = aspbtp. Since |〈xc−ν
−1t, a〉| = p3, we have [xc−ν
−1t, a] = 1 and hence [x, a] = btp.
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By replacing x with xc−ν
−1t we get [x, a] = 1. The same reason gives that [x, b] = aup.
Since Z(G) < Φ(G), (u, p) = 1. Without loss of generality assume [x, b] = ap. Then
〈cxν−1, ab〉 is not abelian and is of order p3, a contradiction.
Subcase 2.10: K is a group of Type (19)–(21) in Lemma 2.5. That is, K = 〈a, b; c
∣∣
ap
2
= bp
2
= cp = 1, [a, b] = c, [c, a] = bνp, [c, b] = ap〉, where p ≥ 5, ν is a fixed quadratic
non-residue modulo p.
By an argument similar to that of subcase 2.9, we get a contradiction, respectively.
The details is omitted.
Case 3: Z(G) < Φ(G) and M is the unique three-generator maximal subgroup of
G.
Then G/M ′ has a unique abelian subgroup M/M ′ of index p, and all non-abelian
subgroups of G/M ′ are generated by two elements. By Lemma 2.13, G/M ′ ∈ A2.
Hence G a group of Type (13)–(16) in Lemma 2.5.
Subcase 3.1: G/M ′ is a group of Type (13) in Lemma 2.5. That is, G/M ′ = 〈a¯, b¯, c¯
∣∣
a¯4 = b¯4 = 1, c¯2 = a¯2b¯2, [a¯, b¯] = b¯2, [c¯, a¯] = a¯2, [c¯, b¯] = 1〉.
Let K = 〈a, b,Φ(G)〉. Since K/M ′ is not abelian, we have d(K) = 2 and K ∈ A2.
Hence Φ(K) = Φ(G) and K = 〈a, b〉. By calculation we get
[c, a2] = [c, a]2[c, a, a] = a4 and [c2, a] = [c, a]2[c, a, c] = a8 = 1.
Since c2 ≡ a2b2 (mod M ′), [a, b2] = 1. It follows that b4 = [a, b2] = 1 and hence
〈a, b〉 ∈ A1, a contradiction.
Subcase 3.2: G/M ′ is a group of Type (14) in Lemma 2.5. That is, G/M ′ = 〈a¯, b¯, d¯
∣∣
a¯p
m
= b¯p
2
= d¯p = 1, [a¯, b¯] = a¯p
m−1
, [d¯, a¯] = b¯p, [d¯, b¯] = 1〉, where m ≥ 3 if p = 2.
Let K = 〈a, b,Φ(G)〉 and L = 〈d, a,Φ(G)〉. Since K/M ′ and L/M ′ is not abelian,
we have
d(K) = 2, d(L) = 2, K ∈ A2 and L ∈ A2.
Hence
Φ(K) = Φ(L) = Φ(G), K = 〈a, b〉 and L = 〈d, a〉.
By calculation, bp
2
= [dp, a] = 1. Since L ∈ A2, [a, b
p] 6= 1. It follows that ap
m
=
[a, bp] 6= 1 and hence o(a) = pm+1. Let N = 〈ap, b〉. Then N ∈ A1. Since |N | = p
m+2,
we get |G| = pm+4 and hence M ′ = 〈ap
m
〉. We claim that p > 2. Otherwise, 〈d, a2〉
is not abelian and is of order 2m+1, a contradiction. Hence p > 2. Let dp = aip
m
. By
replacing d with da−ip
m−1
we get dp = 1. By suitable replacement we get [a, b] = ap
m−1
and [d, a] = bp.
If [d, b] = 1 then G is the group (N25).
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If [d, b] 6= 1, then, since |〈d, b〉| = p4, we have m = 2. Assume that [d, b] = ajp
2
,
where j = k2ν, ν = 1 or a fixed quadratic non-residue modulo p. By replacing a and d
with ak and dk
−1
, respectively, we get [d, b] = aνp
2
. Hence G is the group (N26).
Subcase 3.3: G/M ′ is a group of Type (15) in Lemma 2.5. That is, 〈a¯, b¯, d¯
∣∣ a¯pm =
b¯p
2
= d¯p
2
= 1, [a¯, b¯] = d¯p, [d¯, a¯] = b¯jp, [d¯, b¯] = 1〉, where (j, p) = 1, p > 2, j is a fixed
quadratic non-residue modulo p, and −4j is a quadratic non-residue modulo p.
Let K = 〈a, b,Φ(G)〉 and L = 〈d, a,Φ(G)〉. Since K/M ′ and L/M ′ is not abelian,
we have
d(K) = 2, d(L) = 2, K ∈ A2 and L ∈ A2.
Hence
Φ(K) = Φ(L) = Φ(G), K = 〈a, b〉 and L = 〈d, a〉.
By Lemma 2.6 (7), exp(K ′) = exp(L′) = p. It follows that dp
2
= bp
2
= 1. By calculation
we have [dp, b] = [d, b]p = 1 and [dp, a] = [d, a]p = 1. Hence K ∈ A1, a contradiction.
Subcase 3.4: G/M ′ is a group of Type (16) in Lemma 2.5. That is, 〈a¯, b¯, d¯
∣∣ a¯pm =
b¯p
2
= d¯p
2
= 1, [a¯, b¯] = d¯p, [d¯, a¯] = b¯jpd¯p, [d¯, b¯] = 1〉, where if p is odd, then 4j = 1−ρ2r+1
with 1 ≤ r ≤ p−12 and ρ the smallest positive integer which is a primitive root (mod p);
if p = 2, then j = 1.
Let K = 〈a, b,Φ(G)〉 and L = 〈d, a,Φ(G)〉. Since K/M ′ and L/M ′ is not abelian,
we have
d(K) = 2, d(L) = 2, K ∈ A2 and L ∈ A2.
Hence
Φ(K) = Φ(L) = Φ(G), K = 〈a, b〉 and L = 〈d, a〉.
By Lemma 2.6 (7), exp(K ′) = exp(L′) = p. It follows that dp
2
= bp
2
= 1. By calculation
we have [dp, b] = [d, b]p = 1 and [dp, a] = [d, a]p = 1. Hence K ∈ A1, a contradiction.
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 5.15 as follows.
Since d(G) = 3, (µ0, µ1, µ2) = (0, 0, 1+p+p
2). In the following, we calculate α1(G).
Case 1. G is one of the groups (N1)–(N5).
Since Φ(G) ≤ Z(G), by Theorem 3.18, α1(G) = µ1 + µ2p
2 = p4 + p3 + p2.
Case 2. G is one of the groups (N6)–(N12).
In this case, G =M ∗〈x〉 whereM = 〈a, b〉 such that α1(M) = 1+p and x
p ∈ Z(M).
Other maximal subgroups of G are:
Ni =Mi〈x〉 where Mi <· M ;
Nij = 〈ax
i, bxj ,Φ(M)〉 where 0 ≤ i, j ≤ p− 1.
Since d(Ni) = 3 and N
′
i = M
′
i , by Lemma 2.6 (7), α1(Ni) = p
2. Notice that
G = Nij ∗ 〈x〉. If d(Nij) = 3, then G
′ = N ′ij ≤ Z(G) and exp(G
′) = p. It follows
that Φ(G) ≤ Z(G), a contradiction. Hence d(Nij) = 2. If Nij has an abelian subgroup
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of index p, then G also has an abelian subgroup of index p, a contradiction. Hence
α1(Nij) = 1 + p. Let H ∈ Γ2. Then H = 〈xm,Φ(G)〉 where m ∈M or H = 〈m,Φ(G)〉
where m ∈ M \ Φ(G). It is obvious that H ′ = 1 if and only if H = 〈x,Φ(G)〉. Thus∑
H∈Γ2
α1(H) = p+ p
2. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)−p
∑
H∈Γ2
α1(H) = (1+p)×p
2+p2×(1+p)−p×(p+p2) = p3+p2.
Case 3. G is one of the groups (N13)–(N21) except for (N14) and (N18).
In this case, G = M ∗ 〈x〉 where 〈x〉 ∼= Cp and M = 〈a, b〉 such that d(M) = 2,
|M ′| = p2, [x, b] = 1, [x, a] ∈M3 and 〈a,Φ(M)〉 is the unique abelian maximal subgroup
of G. Hence all maximal subgroups are:
Ni = Ki ∗ 〈x〉 where Ki are maximal subgroups of M ;
Nij = 〈ax
i, bxj〉 where 0 ≤ i, j ≤ p− 1.
It is easy to see that K ′i = M3 and hence |N
′
i | = p. By Lemma 2.6, α1(Ni) = p
2.
Since Nij ∼= M , α1(Nij) = p. Let H ∈ Γ2. Then H = 〈a
ibjxk,Φ(G)〉. It is obvious
that H ∈ A1 if and only if j 6= 0. Hence
∑
H∈Γ2
α1(H) = p
2. By Hall’s enumeration
principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = (1 + p)× p
2 + p2 × p− p× p2 = p3 + p2.
Case 4. G is either the group (N14) or (N18).
In this case, G = M ∗ 〈x〉 where 〈x〉 ∼= Cp and M = 〈a, b〉 such that d(M) = 2,
|M ′| = p2, [x, b] ∈ M3, [x, a] 6∈ M
′ and 〈a,Φ(M)〉 is the unique abelian maximal
subgroup of G. Hence all maximal subgroups are:
N = 〈b, x,Φ(M)〉;
Ni = 〈ab
i, x,Φ(M)〉 where 0 ≤ i, j ≤ p− 1.
Nij = 〈ax
i, bxj〉 where 0 ≤ i, j ≤ p− 1.
It is easy to see that N ′ = M3. By Lemma 2.6 (7), α1(N) = p
2. By calculation,
|N ′0| = p and |N
′
i | = p
2 for i 6= 0. Hence α1(N0) = p
2 and α1(Ni) = p
2 + p for i 6= 0.
Since Nij ∼= M , α1(Nij) = p. Let H ∈ Γ2. Then H = 〈a
ibjxk,Φ(G)〉. It is obvious
that H ∈ A1 if and only if j 6= 0. Hence
∑
H∈Γ2
α1(H) = p
2. By Hall’s enumeration
principle,
α1(G) =
∑
H∈Γ1
α1(H)−p
∑
H∈Γ2
α1(H) = 2×p
2+(p−1)×(p2+p)+p2×p−p×p2 = p3+2p2−p.
Case 5. G is one of the groups (N22)–(N24).
In this case, p > 2, G = M ∗ 〈x〉 where 〈x〉 ∼= Cp and M = 〈a, b〉 such that M is
metacyclic, [x, b] ∈ Φ(M ′), [x, a] 6∈M ′. Hence all maximal subgroups are:
N = 〈b, x,Φ(M)〉;
Ni = 〈ab
i, x,Φ(M)〉 where 0 ≤ i, j ≤ p− 1.
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Nij = 〈ax
i, bxj〉 where 0 ≤ i, j ≤ p− 1.
It is easy to see that N ′ = Φ(M ′). By Lemma 2.6 (7), α1(N) = p
2. By calculation,
|N ′i | = p
2. Hence α1(Ni) = p
2 + p. Since Nij ∼= M , α1(Nij) = 1 + p. Let H ∈ Γ2.
Then H = 〈aibjxk,Φ(G)〉. It is obvious that H 6∈ A1 if and only if i = j = 0. Hence∑
H∈Γ2
α1(H) = p
2 + p. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)−p
∑
H∈Γ2
α1(H) = p
2+p×(p2+p)+p2×(1+p)−p×(p2+p) = p3+2p2.
Case 6. G is one of the groups (N25)–(N26).
It is easy to verify that M = 〈b, d, ap〉 is the unique three-generator maximal sub-
group of G. Since |M ′| = p, by Lemma 2.6, α1(N) = p
2. Other maximal subgroups
are:
Ni = 〈ab
i, d〉 where 0 ≤ i ≤ p− 1.
Nij = 〈ad
i, bdj〉 where 0 ≤ i, j ≤ p− 1.
It is easy to see that Ni has a unique abelian maximal subgroup 〈d, a
p, bp〉 and Nij
has no abelian maximal subgroup. Hence α1(Ni) = p and α1(Nij) = 1+p. Let H ∈ Γ2.
Then H = 〈aibjdk,Φ(G)〉 where (i, j, k) 6= (0, 0, 0). It is obvious that H 6∈ A1 if and
only if i = j = 0, hence if and only if H = 〈d,Φ(G)〉. Thus
∑
H∈Γ2
α1(H) = p
2+ p. By
Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = p
2 + p× p+ p2 × (1 + p)− p× (p2 + p) = 2p2.

Theorem 5.16. Suppose that G is an A3-group having no abelian subgroup of index
p. Then d(G) = 4 if and only if G is isomorphic to one of the following pairwise
non-isomorphic groups:
(Oi) G′ ∼= Cp and c(G) = 2. In this case, Φ(G) = Z(G) = G
′, (µ0, µ1, µ2) = (0, 0, 1 +
p+ p2 + p3) and α1(G) = p
2 + p4.
(O1) D8 ∗Q8;
(O2) Q8 ∗Q8;
(O3) Mp(1, 1, 1) ∗Mp(2, 1), where p > 2;
(O4) Mp(1, 1, 1) ∗Mp(1, 1, 1), where p > 2.
(Oii) G′ ∼= C2p and c(G) = 2.
(O5) G = 〈a, b, c, d
∣∣ a4 = b4 = 1, c2 = a2, d2 = b2, [a, b] = 1, [a, c] = b2, [b, c] =
a2, [a, d] = a2, [b, d] = a2b2, [c, d] = 1〉; here |G| = 26, Φ(G) = Z(G) = G′ =
〈a2, b2〉 ∼= C22 , any two noncommutative elements of G generate M2(2, 2).
(µ0, µ1, µ2) = (0, 0, 15) and α1(G) = 30.
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(Oiii) G′ ∼= C3p and c(G) = 2.
(O6) G = K × 〈a4〉 where K = 〈a1, a2, a3
∣∣ a41 = a42 = a43 = 1, [a1, a2] =
a23, [a1, a3] = a
2
2a
2
3, [a2, a3] = a
2
1a
2
2, [a
2
1, a2] = [a
2
2, a1] = 1〉 and 〈a4〉
∼= C2;
here |G| = 27, Φ(G) = G′ = 〈a21, a
2
2, a
2
3〉, Z(G) = 〈a
2
1, a
2
2, a
2
3, a4〉
∼= C42 ,
(µ0, µ1, µ2) = (0, 0, 15) and α1(G) = 30.
Proof Let the type of G/G′ be (pm1 , pm2 , pm3 , pm4), where m1 ≥ m2 ≥ m3 ≥ m4,
and G/G′ = 〈a1G
′〉 × 〈a2G
′〉 × 〈a3G
′〉 × 〈a4G
′〉, where o(aiG
′) = pmi , i = 1, 2, 3, 4.
Then G = 〈a1, a2, a3, a4〉. By Lemma 3.17, c(G) = 2, Φ(G) ≤ Z(G), G
′ ≤ C3p and all
A1-subgroups of G contain Φ(G). The last property gives that
∑
H∈Γ2
α1(H) = α1(G).
We claim thatm1 = 1. Otherwise, m1 ≥ 2. Let B = 〈a2, a3, a4〉. Since |G : B| ≥ p
2,
we deduce that B′ = 1. Hence A = 〈B, ap1〉 is an abelian subgroup of index p of G, a
contradiction. Hence G/G′ is elementary abelian.
Case 1: G′ ∼= Cp.
In this case, |G| = p5. We claim that Z(G) = G′. Otherwise, without loss of
generality assume a1 ∈ Z(G). Let B = 〈a2, a3, a4〉. Then B
′ ∼= Cp. By Lemma 2.6 (3),
|Z(B)| = p2. Since Z(G) ≥ 〈a1, Z(B)〉, |Z(G)| ≥ p
3. Hence G has an abelian subgroup
of index p of G, a contradiction.
By above argument, G is an extraspecial p-group. Hence we get groups (O1)–(O4).
Case 2: G′ ∼= C2p .
In this case, |G| = p6 and any two noncommutative elements generate an A1-group
of order p4. Such groups were classified by [4]. By checking those groups listed in [4]
we get the group (O5).
Case 3: G′ ∼= C3p .
In this case, |G| = p7 and any A1-subgroup is Mp(2, 2, 1). It follows that Ω1(G) ≤
Z(G). Let N ≤ G′ such that |N | = p and G¯ = G/N . Then |G¯′| = p2. By Lemma
2.16, there exists K¯ ≤ G¯ such that d(K¯) = 3 and K¯ ′ = G¯′. Without loss of generality
assume K = 〈a1, a2, a3〉. It follows that |K
′| ≥ p2 and G′ = 〈ap1, a
p
2, a
p
3〉.
Subcase 3.1: K ′ ∼= C3p .
By Lemma 2.5,
K = 〈a1, a2, a3
∣∣ a41 = a42 = a43 = 1, [a1, a2] = a23, [a1, a3] = a22a23, [a2, a3] = a21a22〉.
Since a24 ∈ G
′ = K ′, there exists c ∈ K such that a24 = c
2. Since |〈a4, c〉| ≤ 16,
[a4, c] = 1. By replacing a4 with a4c we get a
2
4 = 1. Hence a4 ∈ Ω1(G) ≤ Z(G) and we
get the group (O6).
Subcase 3.2: K ′ ∼= C2p .
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Without loss of generality assume K ′ = 〈[a1, a2], [a1, a3]〉 and [a2, a3] = 1. If G
′ =
〈K ′, [a1, a4]〉, then there exists b ∈ 〈a2, a3, a4〉 such that [a1, b] = a
p
1, which contradicts
that G′ ≤ 〈a1, b〉. Hence [a1, a4] ∈ K
′. By suitable replacement we get [a1, a4] = 1.
Without loss of generality assume G′ = 〈K ′, [a2, a4]〉. By replacing a3 with a3a4 we
have K ′ = G′. It is reduced to subcase 3.1.
We calculate the (µ0, µ1, µ2) and α1(G) of those groups in Theorem 5.16 as follows.
Since d(G) = 4, (µ0, µ1, µ2) = (0, 0, 1 + p+ p
2 + p3). In the following, we calculate
α1(G).
Case 1. G is one of the groups (O1)–(O4).
Let H ∈ Γ1. Then |H
′| = p. By Lemma 2.6 (7), α1(H) = p
2. By Hall’s enumeration
principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = (1 + p+ p
2 + p3)× p2 − pα1(G).
Hence
α1(G) =
(1 + p+ p2 + p3)p2
1 + p
= p2 + p4.
Case 2. G is the group (O5).
By calculation, d(H) = 3 and H ′ ∼= C22 for any H ∈ Γ1. Hence α1(H) = 6. By
Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = 15× 6− 2α1(G).
Hence α1(G) = 30.
Case 3. G is the group (O6).
Let H ∈ Γ1. Then H is one of the following types: (1) H = M × 〈a4〉 where
M <· K; (2) H = 〈a1a
i
4, a2a
j
4, a3a
k
4〉 where i, j, k = 0, 1. If H is of Type (1), then
|H ′| = 2 and hence α1(H) = 4 by Lemma 2.6. If H is of Type (2), then H ∼= K and
hence α1(H) = 7. By Hall’s enumeration principle,
α1(G) =
∑
H∈Γ1
α1(H)− p
∑
H∈Γ2
α1(H) = 7× 4 + 8× 7− 2α1(G).
Hence α1(G) = 28. 
Now we list the triple (µ0, µ1, µ2) and α1(G) for A3-groups in Table 13 and 14
respectively. This solves Problem 893 in [8], Problem 1595 in [9] and Problem 2829 in
[10] respectively.
At the end of this paper, we list some enumeration properties of A3-groups, which
can easily be obtained from Table 14.
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Theorem 5.17. Let G be an A3-group. Then p
2 ≤ α1(G) ≤ p
4 + p3 + p2 + p, and the
following conclusions hold.
(1) If α1(G) = p
2, then d(G) = 2, c(G) = 4 and G has an abelian maximal subgroup.
In this case, non-abelian subgroups of G are generated by two elements;
(2) If α1(G) = p
4 + p3 + p2 + p, then p = 2, c(G) = 2, d(G) = 4 and G = K × C2
where K is the smallest Suzuki 2-group;
(3) If p > 2, then α1(G) ≤ p
4 + p3 + p2;
(4) If d(G) = 2, then α1(G) ≤ p
3 + 2p2 + p;
(5) If d(G) = 2 and α1(G) ≤ p
3 + 2p2 + p, then p = 2 and G is the group (M37) in
Theorem 5.13;
(6) If d(G) ≥ 3, then α1(G) ≥ 2p
2 − 1.
Acknowledgments During writing the paper, Professor Y. Berkovich gave us
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(µ0, µ1, µ2) types of A3 groups
(1, p− 1, 1) (A1)–(A6)
(p+ 1, p2 − 1, 1) (B1); (B2) where m = n = 1; (B3) where n = 1; (B4); (B5) where n = 1
(p+ 1, p2 − p, p) (B2) where m > 1 = n or n > 1 = m; (B3) where n > 1; (B5) where n > 1
(1, p2 − 1, p+ 1)
(B6); (B9); (B11); (B13) where p = 2 and m = l = 1
(B17) where l = 1; (B19) where p = 2 and m = l = 1
(1, p2, p)
(B7) where l > 1; (B10); (B12) where l > 1; (B13) where m = 1 and l > 1
(B14) where n = 1 or m = 1; (B16); (B18) where m = 1
(B19) where p = 2 and l > 1 = m; (B19) where p > 2 and m = 1
(1, p2 + p− 1, 1) (B7) where l = 1; (B12) where l = 1; (B13) where p > 2 and m = l = 1; (B20)
(1, p2 + p− 2, 2) (B8) where l = 1
(1, p2 − p, 2p)
(B8) where l > 1; (B13) where m = 2; (B14) where n = m = 2
(B15); (B17) where l > 1; (B18) where m = 2; (B19) where m = 2
(0, p, 1) (C1)–(C6), (C8), (C9), (C11), (C15)–(C17)
(0, p− 1, 2) (C7), (C10), (C12)–(C14)
(0, p2, p+ 1) (D1),(D4), (D6)–(D10), (D12)–(D14), (D16)
(0, p2 + p, 1) (D2) where −ν 6∈ (F ∗p )
2;(D3) where −r 6∈ (F ∗p )
2; (D5); (D11) where −ν 6∈ (F ∗p )
2;
(0, p2 − p, 2p + 1) (D2) where −ν ∈ (F ∗p )
2; (D3) where −ν ∈ (F ∗p )
2; (D11) where −ν ∈ (F ∗p )
2; (D15)
(0, p2 − 1, p+ 2) (D17), (D18)
(0, p2 + 1, p) (D19)
(0, 1, p) (E1)–(E7)
(0, 1, p2 + p) (E8)–(E10)
(1, 0, p) (F1)–(F8); (G1)–(G12)
(p+ 1, 0, p2) (H1)–(H3)
(1, 0, p2 + p) (H4)–(H10), (I1)–(I11)
(p + 1, 0, p3 + p2) (J1)–(J5)
(1, 0, p3 + p2 + p) (J6)–(J9)
(0, 0, p+ 1) (K1)–(K5); (L1)–(L2); (M1)–(M62)
(0, 0, p2 + p+ 1) (N1)–(N26)
(0, 0, p3 + p2 + p+ 1) (O1)–(O6)
Table 13: The number of A0-, A1-, A2-subgroups of index p in A3-groups
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α1(G) types of A3-groups G
p2 (F1)–(F8)
p2 + 1 (E1), (E3)–(E7)
p2 + p− 1 (A1)–(A6)
p2 + p (C1)–(C6), (C8)–(C9), (C11), (C15), (C17), (K3)–(K5)
p2 + p+ 1 (K1)–(K2)
p2 + 2p (C16)
2p2 − 1 (B1), (B2) where n = m = 1, (B3) where n = 1, (B4), (B5) where n = 1
2p2 (M48)–(M53), (M58)–(M62), (N25)–(N26)
2p2 + p− 1
(B7) where l = 1, (B12) where l = 1, (B13) where p > 2 and l = m = 1, (B20)
(C7), (C10), (C12)–(C14)
2p2 + p (D2) where −ν 6∈ (F ∗p )
2;(D3) where −r 6∈ (F ∗p )
2; (D5); (D11) where −ν 6∈ (F ∗p )
2; (M54)–(M57)
3p2 + 1 (D19)
3p2 + p− 2 (B8) where l = 1
3p2 + p (L1)–(L2)
p3 (G1)–(G12), (I1)–(I9)
p3 + 1 (E2), (E8)
p3 + p2 − p (B2) where m > 1 = n or n > 1 = m; (B3) where n ≥ 2, (B5) where n ≥ 2
p3 + p2
(B7) where l ≥ 2, (B10), (B12) where l ≥ 2, (B13) where l ≥ 2 and m = 1
(B14) where m = 1 or n = 1, (B16), (B18) where m = 1, (B19) where m = 1 and p > 2
(B19) where p = 2 and m = 1 and l > 1, (I10)–(I11), (M1)–(M19), (M40)–(M43), (M47)
(N6)–(N13), (N15)–(N17), (N19)–(N21)
p3 + p2 + p (M38)-(M39)
p3 + 2p2 − p (N14), (N18)
p3 + 2p2 − 1
(B6), (B9), (B11), (B13) where p = 2 and l = m = 1
(B17) where l = 1, (B19) where p = 2 and l = m = 1
p3 + 2p2 (D1),(D4), (D6)–(D10), (D12)–(D14), (D16), (M20)–(M36), (M44)–(M46), (N22)–(N24)
p3 + 2p2 + p (M37)
p3 + 3p2 − 1 (D17)–(D18)
2p3 + p2 − p
(B8) where l ≥ 2, (B13) where m = 2, (B14) where m = n = 2, (B15)
(B17) where l ≥ 2, (B18) where m = 2, (B19) where m = 2
2p3 + 2p2 − p (D2) where −ν ∈ (F ∗p )
2; (D3) where −ν ∈ (F ∗p )
2; (D11) where −ν ∈ (F ∗p )
2; (D15)
p4 (H1)–(H3), (J1)–(J5)
p4 + p2 (O1)–(O4)
p4 + p3 + 1 (E9)–(E10)
p4 + p3 (H4)–(H10), (J6)–(J9)
p4 + p3 + p2 (N1)–(N5), (O6)
p4 + p3 + p2 + p (O5)
Table 14: The number of A1-subgroups in A3-groups
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